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Problems with Interpolation

Catmull-Rom Spline
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Try to provide tool. Rare people use , shape problems….
Curvature geometric feature.


“... human visual system is sensitive to minima and maxima of
curvature ...”

“... all curvature extrema should coincide with the given control
points ...”

[Levien 2009]



Desired Properties g

1. Interpolate all control points
2. Max curvatures (salient points) only occur at control points

---- NO cusps except at control points
3. Curvature continuous



Clothoid

Linear curvature

Not continuous with
motion of control points
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Quadratic spline




Quadratic Bezier Curve

c(t) = (1 —t)?Py + 2(1 — t)tP; + t°P,

Py
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Quadratic Bezier Curvature

det(c'(t),c” (t))
k(t) = TANTE
¢’ (E)]]
_ A(Pg,P1,P;)
[|(1=t)(Py—Py)+t(P,—P1)||3
Py
kK'(t) =0=

¢ _ (Pog—P1)-(Pg—2P1+P3)
MAax — (Py—2P1+P;)-(Pg—2P1+P5)
K(tgy) = maxk(t)
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Interpolation at Max Curvature




Interpolation at Max Curvature

- fﬂﬂ] -
B = .J'II r




Quadratic Time Parameter o WP 4

Py

Py P,

g=(1—-1t)°Py+ 2(1 —t)tP, + t*P,



Quadratic Time Parameter
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Know p0, q, p2. Want to compute p1


Quadratic Time Parameter o WP 2

t =0.3




Quadratic Time Parameter
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Quadratic Time Parameter

- =
L

t = 0.5 &

Po

P,



Quadratic Time Parameter o WP 2

PO PZ



Quadratic Time Parameter

P

()



Quadratic Time Parameter

Py

P, ,

Unique t € (0,1) from Py, g, and P,



Computation of Max Curvature Time

p, = q—(l_tmax)zpo_tmaxzpz (1)
1 2(1-tmax)tmax
(Po—P1).(Pg—2P;1+P3)

Umax = (2)

(Pog—2P1+P;).(Py—2P1+P5)

Substitute (1) into (2)
At gy + btgy’ + Ctmgx +d =0
Unique t,,4, € (0,1) as a function of Py, g, and P,












Related works

[Schaback 1989]



Related works

[Schaback 1989]

Use Input points as
splitting points



Related works

[Feng et al. 1995]

Interpolate tangent
vectors at control points

No curvature control.
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Interpolation scheme. Properties. No curvature control.


G2 Condition




G2 Condition




G2 Condition




G2 Condition o W

A C=(1-\)B+AD



G2 Condition

A=0.3




G2 Condition

A=05



G2 Condition

A=0.7
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G2 Condition

A =040



G2 Joint

C=(1-2A)B+AD

JA(A, B, D)

1 =
JA(A,B,D) ++/A(B,D,E)

€ (0,1)




Inflection Point

Curvatures have different signs

— JIA(A,B,D)]
~ VIA(4,B.D)|+/IA(B.D.E) € (0,1)
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Inflection Point

e
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Optimization




Optimization

Input



Optimization

Initialization




Optimization




Optimization

- fﬂﬂ] -
B = .J'II C L

lteration O




Optimization o P

lteration O




Optimization

lteration O

(1 —t)%cio+2(1 —ty)ciq + t%cin = Py
Cio

Cio = (1 —2A)ciq1 + AiCit11

Only ¢; ; is variable.

Ci1
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Optimization

lteration 1




Optimization

lteration 2




Optimization

lteration 3




Optimization

lteration 4




Optimization

lteration 5




Optimization

lteration 10










Curves with Boundaries







Local support in practice



演示者
演示文稿备注
Explain. Loop.





Results and Examples
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Conclusions o P

e Quadratic spline

e GZ? continuous (G! at inflection points)

e Max curvatures only appear at control points
 Cusps only appear at control points

e Local support in practice




Future work ¢ P

« Kappa curve can suit any curve primitives which have unique
max curvature point

— High degree like cubic curve
— Rational curves
— Integral curves

« Curvesin 3D




	幻灯片编号 1
	𝜅-Curves: Interpolation at Local Maximum Curvature
	Problems with Interpolation
	幻灯片编号 4
	Desired Properties
	Clothoid
	Quadratic spline
	Quadratic Bezier Curve
	Quadratic Bezier Curvature
	Interpolation at Max Curvature
	Interpolation at Max Curvature
	Quadratic Time Parameter
	Quadratic Time Parameter
	Quadratic Time Parameter
	Quadratic Time Parameter
	Quadratic Time Parameter
	Quadratic Time Parameter
	Quadratic Time Parameter
	Quadratic Time Parameter
	Computation of Max Curvature Time
	幻灯片编号 21
	幻灯片编号 22
	Related works
	Related works
	Related works
	G2 Condition
	G2 Condition
	G2 Condition
	G2 Condition
	G2 Condition
	G2 Condition
	G2 Condition
	Curvature
	G2 Condition
	G2 Joint
	Inflection Point
	Inflection Point
	Optimization
	Optimization
	Optimization
	Optimization
	Optimization
	Optimization
	Optimization
	Step 2
	Optimization
	Optimization
	Optimization
	Optimization
	Optimization
	Optimization
	幻灯片编号 52
	Curves with Boundaries
	Local support in practice
	Results and Examples
	Adobe Illustrator
	Adobe Illustrator
	Adobe Illustrator
	Conclusions
	Future work

