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Mapping — between planar shapes

Source
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Mapping — between images
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Applications — keyframe animations

* Model key poses/frames ' gnape 9€

* Fill in between key poses chape interpol
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Applications — image editing

Aest

hetic optimization

Content-aware resizing

I P BE Re-photography I



Applications - virtual reality

[Sun et al. 2016]
[Dong et al. 2017]
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Mapping Distortions — intuitive view

Fold over




Planar map — notations

f:R%? > R?
fe,y) = (u,v)

f@2)=fx+iy) f:C->C

fz = %(ux + v, + i(vx —uy))

fo = 2 (1 — vy + 1(vx + 1) oy = |fz| + £zl

Il o, = |Ifz| = If3]]



Mapping Distortions — formal definitions

e Conformal
* oy — oy

* [sometric
.|O-1_1|+|0-2_1
* D(04,07)

D(f) = ﬂ DF (x)dx ~ o
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Mapping — discretization

R
PN
a2

A

* Triangle mesh
* Piecewise linear mapping

* Polygonal cage
* Smooth barycentric mapping

il p B 12
[Chen & Gotsman 2017]



Barycentric Mapping a polygon

Am

Barycentric Coordinates

x= ) Bi(p
l
> Bi(x) =1
q; l :

Wachspress
Cot/Laplace
Mean-value
Harmonic
MLS

qs

i pplz I " f(x) = ZiBi CIL'TI.



Image resizing using hexmesh
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Bounded Distortion Mapping
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Deformation — desirable properties

v'Intuitive user-interface
v'Drag and drop

v'Fast computation
v'Interactive

v'High quality
v'Smooth (C®)
v'Locally injective (no foldovers)
v'Bounded conformal distortion
v'Bounded isometric distortion
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Deformation — previous work

* Mesh-based
» Extremal quasiconformal maps [Weber et al. 2012]

Bounded distortion mapping spaces [Lipman 2012]

Locally injective mappings [Schiller et al. 2013]

Locally injective parameterization [Weber & Zorin 2014]

Planar shape interpolation with bounded distortion [Chen et al. 2013]

* Meshless smooth not locally injective
* Generalized barycentric coordinates no distortion bounds

* Controllable conformal maps [Weber & Gotsman 2010]
* Provably good planar maps [Poranne & Lipman 2014]
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Mapping Space for Deformation

Piecewise linear map

* Non-smooth

* Pointwise (facewise) constraints
e Sparse (large) linear algebra
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* Smooth
* Boundary constraints
* Dense (small) linear algebra

PU friendly

19



Harmonic Planar Mapping

fO,y) = (uley),v(xy)  f:Q-R?

* C® Smooth
* Maximum/minimum principle
* Uniquely determined by boundary condition

I
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Bounded Distortion Harmonic Mapping

* Bound the distortion at every point  Harmonic - Boundary only?

.....00 Ooo.......a Q

0-1 (Z) S 0-1 ®00o000®
Vz € (), oi(w)< o
02(2) = 05 vw € 90, ngwg S

21

bl S



Bounded Distortion Theorem [Chen & Weber 2015]

A harmonic map f in a simply-connected domain £}, is /ocally
injectiveand has hounded distortion (a4, @2) iff
crlf (z) < 04

sz (z) = 0y
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Bounded Distortion Theorem [Chen & Weber 2017]

A harmonic map f in a multiply-connected domain (1, is
locally injective and has bounded distortion (o4, 05) iff

@ 5 _
2i%50, e 2 =0

‘71f(W) < 04

o, (w) = o0,
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Harmonic Shape Deformation

* |Input: S
« User prescribed bounds (a4, ) minimize Egpap (f) + AEp2p ()

* Positional constraints / , ,
o gi=1.m) s.t. fis harmonic

* Output 1, (z) B
* Locally injective harmonic mapping f (Z) dz =0
* Bounded distortion (o4, 0;) 00 Jz (W) <
o4\W) = 01
Yw € 0(),
a,(w) = o,

Convexification [Lipman 2012]
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Harmonic Mapping Space

, Anti-
Holomorphic :

! Holomorphic
(complex analytic)

11 p 10 Cauchy complex barycentric coordinates [Weber et al. 2009]




Cauchy Complex Barycentric Coordinate
S f =0+ P o (x,7)
o(2) = ) G

% Y@ =) G@yi o)

fz = d'(z)
fz =¥ (2)




Harmonic Deformation Results
.l" ' '

Source

Harmonic
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An Interactive Session



Deformation — faster/better optimization?

[Chen & Weber 2015]
e |terative convexification

* Conic optimization

* User-specified bounds
* Feasibility

minifmize Earap(f) + AEpp (f)

s.t.  fis harmonic
fz(2)
00 fz(z)

Yw € 01},

dz =0

O'lf (w) <04

sz (w) = o,

Convexification [Lipman 2012]

lllpl

[Chen & Weber 2017]

* Newton’s method
* GPU acceleration

* Smooth isometric energy
* Automatic distortion bounds
e Unconstrained optimization



Newton’s Method

Obj: minimize E (x)

* Taylor series

1
E(x) = EA’HA + gA + E(xg) ...,

* |terative update

H(xp)A = —g(xy)
Xni1 = Xp + A

A=x—xg

* Quadratic convergence

Ht =EATET >0

H>0=E(x,;1) < E(x;,)

* Per-element modification [Teran et al. 2005]

l'lpl E(x)=ZtEt(x)=>H=Zth
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|lsometric Energy
Eiso(01,07)

o=l +1fzl, o =|Ifl = 1f

» Capture Rigidity
e Eieo(1,1) =0
) ) 1. E =(6; — 1%+ (0, —1)* X [Igarashi et al. 2007]

» Barrier function ARAR T ’
* Eiso(o-l; 0) = 0 2. T=max (O‘l,ai) X [Sorkine et al. 2002]

* Local injectivity :
3. Symmetric DirichletEjq, = 0 + 0% + 072 + 052 /  [Smith & Schafer 2015]

»Smooth, differentiable 4. Eexp=eFis0 / (Rabinovich et al. 2017]

g1 ,02 1
S| =+==)+0,0,+
(02 01) 17276102 f [Fu et al. 2015]

5. Eamips = €
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Locally Injective Harmonic Deformation

_ 2 2 —2 —
Eiso(abaz) =091 t0) +01" +0y

lllpl |

2

minimize Ei],;o =fEiSO
0.}
s.t. J(z) > 0,Vz €9()

.......
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Locally Injective Harmonic Deformation

1SO iso —

minimize EZ. + AEp,p B = f Eiso (2)
s.t. J(z) > 0,Vz € 0Q o0

* Newton’s method
1. g=VE, H=V2E, Ht - H
2. HA=—g
3 x e x+tA

* Local injective line search
J(z) = 0705 > 07T =2 Ei,(2) > 0 =3t > 0,s.t.J(z) > 0,

lllpl
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Per-element SPD Hessian

= H(z) = V2?Eiso = MT x K x M M= (

4n X 4n 4 x4

MM" =7l = |H(Z)"=MTK*M

Analytical 4x4 SPD projection: K+ = EATET

I y



: . : Sht | et al. 2017
Composite Majorization ohtenge] et al. 20171

e e(x) =h(g(x)) = (hog)(x)

— Convex-concave decomposition

h=h*4+h"
g=9"+g-
e Convex majorizer
e=holg]
r¢e >0
e = [ o ] (2) 72 (2) o

| IAMOI 55



Newton iteration on GPU

1. g=VE H=V2E, H* > H
g=D"D(x V)
HY = MTK*M

2. A=—H"1g

CuBLAS

cuSolver
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Results & Comparison

3.71s / 28 it 0.03s/ 8 it

Speedup factor:

371 -
0.03
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Results & Comparison

155 0115 GPU
N  1.18s CPU
10* ¢ . :
»#|——Ours/GPU
& | 7 | ——ours/CPU
5 s ~—Newton ]
Lﬁ i ——Newton Eigen| |
| ——AQP
22> 400 & 4.32s 0 -

0 0.5 1 1.5 2 2.5 3
Running time (s)

SLIM [Rabinovich et al. 2017]
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AQP

SLIM

ours




#——Ours/GPU
- —— Qurs/CPU
—+—Newton Eigen| ]
——LBFGS
—+—SLIM

/

AQP/SLIM
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Metric Interpolation [Chen et al 2013]




Harmonic Interpolation [Chien et al 2016)

log®'(t) = (1 — t)log Py + tlog D)

s () =Q —tIne +tn, n=vao

e v(t)=(QA —t)vy +tvy v — -

o, (t) < max(a,(0),0,(1))
g fO=2@+¥O a,(t) = min(a,(0),0,(1))

« M) =(1—t)M, + tM,
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Harmonic Interpolation

Harmonic
Maps



Interpolation comparison




Harmonic mapping animation




Conclusion

* Planar Mapping
* Distortions
* Discretization

* Harmonic Mapping
* Bounded distortion theorem
* Deformation
* Interpolation
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Code available

http://people.mpi-inf. mpg.de/~chen/



