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物质

固体

刚性 脆性/非脆性

弹性 线性/非线性

塑性

液体
可压缩/不可

压缩

粘性/无粘

颗粒

气体

Materials in Real World
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Stress Tensor
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Stress Tensor



Equilibrium Equations
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Body Forces
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Newton's second law

mass acceleration force



Equilibrium Equations
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Acceleration

Internal force
(Pressure, Viscosity, 
Elasticity, etc)

External force
(Gravity, Buoyancy, 
Surface tension, etc.)
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Stress Tensor



Constitutive Relation
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Fluid

Hydrostatic water Laminar flow



 = I+ Tp   v + v

Fluid

Hydrostatic pressure

Viscosity coefficient

Identity matrix
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Navier-Stokes Equation



Smoothed Particle Hydrodynamics(SPH)

Particle discretization



Smoothed Particle Hydrodynamics(SPH)
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Smoothed Particle Hydrodynamics(SPH)
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Gravity, Viscosity, 
Surface Tension

Incompressibility
Enforcement

Particle 
Advection

Neighborhood
Query
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Framework



• Uniform Grid

• E.g., [Mueller03, Harada07, 
Green08, Goswami11, Ihmsen11, 
Macklin13] 

• Generally preferred - construction 
in O(n), access in O(1)

• Friendly with GPU 
implementation

• Disadvantage

• Not quite suitable for sparse 
particle distribution

Neighborhood Query
v

h





• Hierarchical structures

• E.g., [Vermuri98, Keiser06, 
Adams07] 

• Disadvantage

• Less efficient - construction in 
O(n log n), access in O(log n)

• Not quite friendly with GPU 
implementation

Neighborhood Query
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Viscous force

 vis T   f v + v

If incompressible,  v = 0
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Pressure force
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How to calculate pressure
• Non-iterative state-equation based 

• Compressible [Müller03]

• Weakly-compressible [Becker07]

• Iterative state-equation based
• PCISPH [Solenthaler09]

• Local Poisson SPH [He12]

• PBF [Macklin13]

• Pressure projection
• Divergence free [Cummins99]

• Density invariant [Shao03]

• Staggered SPH[He12]

• IISPH [Ihmsen13]

• Divergence-free[Bender15]

 0

2
  isi cp

0i 

*

0

2

0

p

t t

 



  
   

  

v

Review : [Gotoh et al. 2016]

Review: [Ihmsen et al. 2012]





Elastic Material



Elastic Material
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Problem: Diverse Dimensions



Problem: Discontinuity
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Peridynamics vs Classical Model

Classical Model Peridynamics



Previous Elastic Model

A. Stomakhin, C. Schroeder, L. Chai, J. Teran, and A. Selle, “A material point 
method for snow simulation,” ACM Trans. Graph. (SIGGRAPH), vol. 32, no. 4, p. 
102, 2013.

Singular
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Our Elastic Model



Our Elastic Model
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Our Elastic Model



Nonlinear

Linear

Local Step

Global Step

Projective Solver
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Projective Elastic Model



Projective Elastic Model



Projective Elastic Model
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Recovering from Shape Inversion





Elastic Plastic

Singular

Multiplicative Plastic Model



𝒙𝑖(𝒚𝑖) 𝒙𝑗

𝒚𝑗

ℋ𝑖

𝒚′𝑗

Our Plastic Model



First Invariant:

Second invariant:

Drucker-Prager Yielding Condition

𝐼1

𝐽2



Case 1:  Elastoplastic Material





Case 2: Homogeneous Viscoelastic Fluids



Case 2: Viscoelastic Fluids



非局部统一弹塑性材料仿真





Case 3: Granular Materials

Dry:

Wet:



Case 3: Granular Materials









More Examples



• The particle deficiency problem

• Tensile instability

• Accuracy

Challenges



Challenges
@Jim Kramer





http://peridynamics.com/

https://github.com/PhysikaTeam/Physika

http://peridynamics.com/
https://github.com/PhysikaTeam/Physika

