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Let us start with Twitter...



Let us start with Twitter...

TDA + NN Representations?



Interpretability: a main challenge in deep learning

What representations have these neural networks learned that could be made
human interpretable?

Given a trained NN, we probe neuron activations (combinations of
neuron firings) in response to a particular input image.

With millions of input images, we would like to obtain a global view
of what the neurons have learned by studying neuron activations at a
particular layer, and across multiple layers of the network.



Topology of neuron activations

What is the shape of the space of activations?

What is the organizational principle behind neuron activations?

How are the activations related within a layer and across layers?

Ingredients:

Neuron activation vectors as point clouds

Mapper graphs as summary graphs

Feature visualization

Interactive and exploratory visual analytics



Take home message for TopoAct

Capture topological structures (branching and loop structures) in the
space of activations that are hard to detect via DR

O↵er new perspectives on how a NN “sees” the input images.
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GoogLeNet (InceptionV1)

Trained on ImageNet ILSVRC.
Image: https://distill.pub/2019/activation-atlas/

https://distill.pub/2019/activation-atlas/


What is neuron activation?

Fix a pre-trained model, a particular layer of interest, an input image:

We feed an input image to the network and collect the activations
(the numerical values of how much each neuron has fired with respect
to the input). The activation of a neuron is a non-linear
transformation (i.e., a function) of its input.

A single neuron produces a collection of activations from a number of
overlapping patches of an input image.

We randomly sample a single activation from these patches.

Image: https://distill.pub/2018/building-blocks/



What is neuron activation?

Fix a pre-trained model, a particular layer of interest, an input image:

Image: https://distill.pub/2018/building-blocks/



TDA of activation vectors for InceptionV1

Suppose an input image has 14⇥ 14 patches.

A neuron within layer 4c outputs 14⇥ 14 activations per image.

Randomly sample a single activation from the 14⇥ 14 patches.

Each activation vector is high-dimensional; its dimension depends on
the number of neurons in that layer.

Layers 3a, 3b, and 4a have 256, 480, and 512 neurons respectively,
producing point clouds in 256, 480, and 512 dimensions.

300, 000 images ! 300, 000 activation vectors for a given layer.

We then apply the mapper framework to obtain topological summary
graphs of these point clouds.



Here comes the math...



A tale of two topological constructs: Reeb graph

Reeb graph R(X, f) encodes the connected components of the level sets
f�1(a) for a ranging over R.
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a
<latexit sha1_base64="7DjYM/D8LHHg6Z3rG4v6kCnHnNs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4ELmVv2YMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8NNOE+RGOJA85RWOlhypWB+WKW3MXIOvEy0kFcjQH5a/+MKZpxKShArXueW5i/AyV4VSwWamfapYgneCI9SyVGDHtZ4tTZ+TCKkMSxsqWNGSh/p7IMNJ6GgW2M0Iz1qveXPzP66UmvPYzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNaQGEEz/AKb45wXpx352PZWnDymVP4A+fzB3pfjT8=</latexit><latexit sha1_base64="7DjYM/D8LHHg6Z3rG4v6kCnHnNs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4ELmVv2YMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8NNOE+RGOJA85RWOlhypWB+WKW3MXIOvEy0kFcjQH5a/+MKZpxKShArXueW5i/AyV4VSwWamfapYgneCI9SyVGDHtZ4tTZ+TCKkMSxsqWNGSh/p7IMNJ6GgW2M0Iz1qveXPzP66UmvPYzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNaQGEEz/AKb45wXpx352PZWnDymVP4A+fzB3pfjT8=</latexit><latexit sha1_base64="7DjYM/D8LHHg6Z3rG4v6kCnHnNs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4ELmVv2YMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8NNOE+RGOJA85RWOlhypWB+WKW3MXIOvEy0kFcjQH5a/+MKZpxKShArXueW5i/AyV4VSwWamfapYgneCI9SyVGDHtZ4tTZ+TCKkMSxsqWNGSh/p7IMNJ6GgW2M0Iz1qveXPzP66UmvPYzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNaQGEEz/AKb45wXpx352PZWnDymVP4A+fzB3pfjT8=</latexit><latexit sha1_base64="7DjYM/D8LHHg6Z3rG4v6kCnHnNs=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4ELmVv2YMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8NNOE+RGOJA85RWOlhypWB+WKW3MXIOvEy0kFcjQH5a/+MKZpxKShArXueW5i/AyV4VSwWamfapYgneCI9SyVGDHtZ4tTZ+TCKkMSxsqWNGSh/p7IMNJ6GgW2M0Iz1qveXPzP66UmvPYzLpPUMEmXi8JUEBOT+d9kyBWjRkwtQaq4vZXQMSqkxqZTsiF4qy+vk3a95rk1775eadzkcRThDM7hEjy4ggbcQRNaQGEEz/AKb45wXpx352PZWnDymVP4A+fzB3pfjT8=</latexit>



A tale of two topological constructs: mapper graph

Given a finite good cover U = {U↵}↵2A of f(X), let f⇤(U) denote the cover
of X obtained by considering the path-connected components of f�1(U↵)
for each ↵. The mapper construction of (X, f) is defined to be the nerve
of f⇤(U), denoted as M(X, f,U)

R(X, f)
<latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit><latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit><latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit><latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit>

(X, f)
<latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit><latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit><latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit><latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit>

U
<latexit sha1_base64="Y9D7rGRewnjlrNMZhzg7sYsWKBA=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0dMXDCBDemWLjR027XtkpANv8OLB43x6o/x5r+xC3tQcJImk5n38qYTJpxp47rfTmljc2t7p7xb2ds/ODyqHp90tEwVoT6RXKrHEGvKmaC+YYbTx0RRHIecdsPJbe53p1RpJsWDmSU0iPFIsIgRbKwU1PsxNmOCeebP64NqzW24C6B14hWkBgXag+pXfyhJGlNhCMda9zw3MUGGlWGE03mln2qaYDLBI9qzVOCY6iBbhJ6jC6sMUSSVfcKghfp7I8Ox1rM4tJN5Rr3q5eJ/Xi810XWQMZGkhgqyPBSlHBmJ8gbQkClKDJ9ZgoliNisiY6wwMbanii3BW/3yOuk0G57b8O6btdZNUUcZzuAcLsGDK2jBHbTBBwJP8Ayv8OZMnRfn3flYjpacYucU/sD5/AFLZpHF</latexit><latexit sha1_base64="Y9D7rGRewnjlrNMZhzg7sYsWKBA=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0dMXDCBDemWLjR027XtkpANv8OLB43x6o/x5r+xC3tQcJImk5n38qYTJpxp47rfTmljc2t7p7xb2ds/ODyqHp90tEwVoT6RXKrHEGvKmaC+YYbTx0RRHIecdsPJbe53p1RpJsWDmSU0iPFIsIgRbKwU1PsxNmOCeebP64NqzW24C6B14hWkBgXag+pXfyhJGlNhCMda9zw3MUGGlWGE03mln2qaYDLBI9qzVOCY6iBbhJ6jC6sMUSSVfcKghfp7I8Ox1rM4tJN5Rr3q5eJ/Xi810XWQMZGkhgqyPBSlHBmJ8gbQkClKDJ9ZgoliNisiY6wwMbanii3BW/3yOuk0G57b8O6btdZNUUcZzuAcLsGDK2jBHbTBBwJP8Ayv8OZMnRfn3flYjpacYucU/sD5/AFLZpHF</latexit><latexit sha1_base64="Y9D7rGRewnjlrNMZhzg7sYsWKBA=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0dMXDCBDemWLjR027XtkpANv8OLB43x6o/x5r+xC3tQcJImk5n38qYTJpxp47rfTmljc2t7p7xb2ds/ODyqHp90tEwVoT6RXKrHEGvKmaC+YYbTx0RRHIecdsPJbe53p1RpJsWDmSU0iPFIsIgRbKwU1PsxNmOCeebP64NqzW24C6B14hWkBgXag+pXfyhJGlNhCMda9zw3MUGGlWGE03mln2qaYDLBI9qzVOCY6iBbhJ6jC6sMUSSVfcKghfp7I8Ox1rM4tJN5Rr3q5eJ/Xi810XWQMZGkhgqyPBSlHBmJ8gbQkClKDJ9ZgoliNisiY6wwMbanii3BW/3yOuk0G57b8O6btdZNUUcZzuAcLsGDK2jBHbTBBwJP8Ayv8OZMnRfn3flYjpacYucU/sD5/AFLZpHF</latexit><latexit sha1_base64="Y9D7rGRewnjlrNMZhzg7sYsWKBA=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiexy0SPRi0dMXDCBDemWLjR027XtkpANv8OLB43x6o/x5r+xC3tQcJImk5n38qYTJpxp47rfTmljc2t7p7xb2ds/ODyqHp90tEwVoT6RXKrHEGvKmaC+YYbTx0RRHIecdsPJbe53p1RpJsWDmSU0iPFIsIgRbKwU1PsxNmOCeebP64NqzW24C6B14hWkBgXag+pXfyhJGlNhCMda9zw3MUGGlWGE03mln2qaYDLBI9qzVOCY6iBbhJ6jC6sMUSSVfcKghfp7I8Ox1rM4tJN5Rr3q5eJ/Xi810XWQMZGkhgqyPBSlHBmJ8gbQkClKDJ9ZgoliNisiY6wwMbanii3BW/3yOuk0G57b8O6btdZNUUcZzuAcLsGDK2jBHbTBBwJP8Ayv8OZMnRfn3flYjpacYucU/sD5/AFLZpHF</latexit>

U�
<latexit sha1_base64="F9moUV9FKi6EmsCoyZKjGGIhJag=">AAAB83icbVBNT8JAEJ3iF+IX6tFLI5h4Ii0XPRK9eMTEggltyHRZYMN2u9ndmpCGv+HFg8Z49c9489+4QA8KvmSSl/dmMjMvlpxp43nfTmljc2t7p7xb2ds/ODyqHp90dJopQgOS8lQ9xqgpZ4IGhhlOH6WimMScduPJ7dzvPlGlWSoezFTSKMGRYENG0FgprAf9PEQuxzir96s1r+Et4K4TvyA1KNDuV7/CQUqyhApDOGrd8z1pohyVYYTTWSXMNJVIJjiiPUsFJlRH+eLmmXthlYE7TJUtYdyF+nsix0TraRLbzgTNWK96c/E/r5eZ4XWUMyEzQwVZLhpm3DWpOw/AHTBFieFTS5AoZm91yRgVEmNjqtgQ/NWX10mn2fC9hn/frLVuijjKcAbncAk+XEEL7qANARCQ8Ayv8OZkzovz7nwsW0tOMXMKf+B8/gBv7ZFG</latexit><latexit sha1_base64="F9moUV9FKi6EmsCoyZKjGGIhJag=">AAAB83icbVBNT8JAEJ3iF+IX6tFLI5h4Ii0XPRK9eMTEggltyHRZYMN2u9ndmpCGv+HFg8Z49c9489+4QA8KvmSSl/dmMjMvlpxp43nfTmljc2t7p7xb2ds/ODyqHp90dJopQgOS8lQ9xqgpZ4IGhhlOH6WimMScduPJ7dzvPlGlWSoezFTSKMGRYENG0FgprAf9PEQuxzir96s1r+Et4K4TvyA1KNDuV7/CQUqyhApDOGrd8z1pohyVYYTTWSXMNJVIJjiiPUsFJlRH+eLmmXthlYE7TJUtYdyF+nsix0TraRLbzgTNWK96c/E/r5eZ4XWUMyEzQwVZLhpm3DWpOw/AHTBFieFTS5AoZm91yRgVEmNjqtgQ/NWX10mn2fC9hn/frLVuijjKcAbncAk+XEEL7qANARCQ8Ayv8OZkzovz7nwsW0tOMXMKf+B8/gBv7ZFG</latexit><latexit sha1_base64="F9moUV9FKi6EmsCoyZKjGGIhJag=">AAAB83icbVBNT8JAEJ3iF+IX6tFLI5h4Ii0XPRK9eMTEggltyHRZYMN2u9ndmpCGv+HFg8Z49c9489+4QA8KvmSSl/dmMjMvlpxp43nfTmljc2t7p7xb2ds/ODyqHp90dJopQgOS8lQ9xqgpZ4IGhhlOH6WimMScduPJ7dzvPlGlWSoezFTSKMGRYENG0FgprAf9PEQuxzir96s1r+Et4K4TvyA1KNDuV7/CQUqyhApDOGrd8z1pohyVYYTTWSXMNJVIJjiiPUsFJlRH+eLmmXthlYE7TJUtYdyF+nsix0TraRLbzgTNWK96c/E/r5eZ4XWUMyEzQwVZLhpm3DWpOw/AHTBFieFTS5AoZm91yRgVEmNjqtgQ/NWX10mn2fC9hn/frLVuijjKcAbncAk+XEEL7qANARCQ8Ayv8OZkzovz7nwsW0tOMXMKf+B8/gBv7ZFG</latexit><latexit sha1_base64="F9moUV9FKi6EmsCoyZKjGGIhJag=">AAAB83icbVBNT8JAEJ3iF+IX6tFLI5h4Ii0XPRK9eMTEggltyHRZYMN2u9ndmpCGv+HFg8Z49c9489+4QA8KvmSSl/dmMjMvlpxp43nfTmljc2t7p7xb2ds/ODyqHp90dJopQgOS8lQ9xqgpZ4IGhhlOH6WimMScduPJ7dzvPlGlWSoezFTSKMGRYENG0FgprAf9PEQuxzir96s1r+Et4K4TvyA1KNDuV7/CQUqyhApDOGrd8z1pohyVYYTTWSXMNJVIJjiiPUsFJlRH+eLmmXthlYE7TJUtYdyF+nsix0TraRLbzgTNWK96c/E/r5eZ4XWUMyEzQwVZLhpm3DWpOw/AHTBFieFTS5AoZm91yRgVEmNjqtgQ/NWX10mn2fC9hn/frLVuijjKcAbncAk+XEEL7qANARCQ8Ayv8OZkzovz7nwsW0tOMXMKf+B8/gBv7ZFG</latexit>

M(X, f,U)
<latexit sha1_base64="RbWhrnLVbvukesolG9fy8bRFDp4=">AAACEXicbZDNSsNAFIUn/tb6F3XpZrAVKpSSdKPLohs3QgXTFtpQJtNJO3QyCTMToYS8ghtfxY0LRdy6c+fbOEmDaOuFgY9z7mXuPV7EqFSW9WWsrK6tb2yWtsrbO7t7++bBYUeGscDEwSELRc9DkjDKiaOoYqQXCYICj5GuN73K/O49EZKG/E7NIuIGaMypTzFSWhqateogQGqCEUtu0lrOnpf00rpfhz+Ok55Vh2bFalh5wWWwC6iAotpD83MwCnEcEK4wQ1L2bStSboKEopiRtDyIJYkQnqIx6WvkKCDSTfKLUniqlRH0Q6EfVzBXf08kKJByFni6M1tSLnqZ+J/Xj5V/4SaUR7EiHM8/8mMGVQizeOCICoIVm2lAWFC9K8QTJBBWOsSyDsFePHkZOs2GbTXs22aldVnEUQLH4ATUgA3OQQtcgzZwAAYP4Am8gFfj0Xg23oz3eeuKUcwcgT9lfHwDgmKcyA==</latexit><latexit sha1_base64="RbWhrnLVbvukesolG9fy8bRFDp4=">AAACEXicbZDNSsNAFIUn/tb6F3XpZrAVKpSSdKPLohs3QgXTFtpQJtNJO3QyCTMToYS8ghtfxY0LRdy6c+fbOEmDaOuFgY9z7mXuPV7EqFSW9WWsrK6tb2yWtsrbO7t7++bBYUeGscDEwSELRc9DkjDKiaOoYqQXCYICj5GuN73K/O49EZKG/E7NIuIGaMypTzFSWhqateogQGqCEUtu0lrOnpf00rpfhz+Ok55Vh2bFalh5wWWwC6iAotpD83MwCnEcEK4wQ1L2bStSboKEopiRtDyIJYkQnqIx6WvkKCDSTfKLUniqlRH0Q6EfVzBXf08kKJByFni6M1tSLnqZ+J/Xj5V/4SaUR7EiHM8/8mMGVQizeOCICoIVm2lAWFC9K8QTJBBWOsSyDsFePHkZOs2GbTXs22aldVnEUQLH4ATUgA3OQQtcgzZwAAYP4Am8gFfj0Xg23oz3eeuKUcwcgT9lfHwDgmKcyA==</latexit><latexit sha1_base64="RbWhrnLVbvukesolG9fy8bRFDp4=">AAACEXicbZDNSsNAFIUn/tb6F3XpZrAVKpSSdKPLohs3QgXTFtpQJtNJO3QyCTMToYS8ghtfxY0LRdy6c+fbOEmDaOuFgY9z7mXuPV7EqFSW9WWsrK6tb2yWtsrbO7t7++bBYUeGscDEwSELRc9DkjDKiaOoYqQXCYICj5GuN73K/O49EZKG/E7NIuIGaMypTzFSWhqateogQGqCEUtu0lrOnpf00rpfhz+Ok55Vh2bFalh5wWWwC6iAotpD83MwCnEcEK4wQ1L2bStSboKEopiRtDyIJYkQnqIx6WvkKCDSTfKLUniqlRH0Q6EfVzBXf08kKJByFni6M1tSLnqZ+J/Xj5V/4SaUR7EiHM8/8mMGVQizeOCICoIVm2lAWFC9K8QTJBBWOsSyDsFePHkZOs2GbTXs22aldVnEUQLH4ATUgA3OQQtcgzZwAAYP4Am8gFfj0Xg23oz3eeuKUcwcgT9lfHwDgmKcyA==</latexit><latexit sha1_base64="RbWhrnLVbvukesolG9fy8bRFDp4=">AAACEXicbZDNSsNAFIUn/tb6F3XpZrAVKpSSdKPLohs3QgXTFtpQJtNJO3QyCTMToYS8ghtfxY0LRdy6c+fbOEmDaOuFgY9z7mXuPV7EqFSW9WWsrK6tb2yWtsrbO7t7++bBYUeGscDEwSELRc9DkjDKiaOoYqQXCYICj5GuN73K/O49EZKG/E7NIuIGaMypTzFSWhqateogQGqCEUtu0lrOnpf00rpfhz+Ok55Vh2bFalh5wWWwC6iAotpD83MwCnEcEK4wQ1L2bStSboKEopiRtDyIJYkQnqIx6WvkKCDSTfKLUniqlRH0Q6EfVzBXf08kKJByFni6M1tSLnqZ+J/Xj5V/4SaUR7EiHM8/8mMGVQizeOCICoIVm2lAWFC9K8QTJBBWOsSyDsFePHkZOs2GbTXs22aldVnEUQLH4ATUgA3OQQtcgzZwAAYP4Am8gFfj0Xg23oz3eeuKUcwcgT9lfHwDgmKcyA==</latexit>

X: a manifold or a point cloud sample



Mapper graphs at di↵erent resolution

R(X, f)
<latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit><latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit><latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit><latexit sha1_base64="hIzH13ZZxUdJRg9vPdo0vSSL7ts=">AAACBHicbZDLSsNAFIZP6q3WW9RlN8FWqCAl6UaXRTcuq9gLtKFMppN26GQSZiZCCV248VXcuFDErQ/hzrdxkmahrT8MfPznHOac34sYlcq2v43C2vrG5lZxu7Szu7d/YB4edWQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTa/TeveBCElDfq9mEXEDNObUpxgpbQ3NcnUQIDXBiCV381rGnpf05uf+WXVoVuy6nclaBSeHCuRqDc2vwSjEcUC4wgxJ2XfsSLkJEopiRualQSxJhPAUjUlfI0cBkW6SHTG3TrUzsvxQ6MeVlbm/JxIUSDkLPN2ZbimXa6n5X60fK//STSiPYkU4Xnzkx8xSoZUmYo2oIFixmQaEBdW7WniCBMJK51bSITjLJ69Cp1F37Lpz26g0r/I4ilCGE6iBAxfQhBtoQRswPMIzvMKb8WS8GO/Gx6K1YOQzx/BHxucPvZWXfA==</latexit>

(X, f)
<latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit><latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit><latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit><latexit sha1_base64="31p1bzr17c15VXC/TY3QOz9Y/Qo=">AAAB+XicbVDLSsNAFL2pr1ofjbp0M9gKFaQk3eiy6MZlBfuANpTJdNIOnUzCzKRQQv/EjQtF3Pon7vwbJ20W2npg4HDOvdwzx485U9pxvq3C1vbO7l5xv3RweHRctk9OOypKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p/eZ351RqVgknvQ8pl6Ix4IFjGBtpKFtV2uDEOuJ76e9xXVwVR3aFafuLIE2iZuTCuRoDe2vwSgiSUiFJhwr1XedWHsplpoRThelQaJojMkUj2nfUIFDqrx0mXyBLo0yQkEkzRMaLdXfGykOlZqHvpnMUqp1LxP/8/qJDm69lIk40VSQ1aEg4UhHKKsBjZikRPO5IZhIZrIiMsESE23KKpkS3PUvb5JOo+46dfexUWne5XUU4RwuoAYu3EATHqAFbSAwg2d4hTcrtV6sd+tjNVqw8p0z+APr8wf3GZKO</latexit>

U1
<latexit sha1_base64="NGh21dtuifsy/Q7EWgnbVSYLw1o=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28euM3AbjgtZwG0TtySNKBEN7C/hqOEZDEVmnCs1MB1Uu3nWGpGOJ3XhpmiKSZTPKYDQwWOqfLzRfA5OjfKCEWJNE9otFB/b+Q4VmoWh2aySKlWvUL8zxtkOrrycybSTFNBloeijCOdoKIFNGKSEs1nhmAimcmKyARLTLTpqmZKcFe/vE567ZbrtNy7dqNzXdZRhVM4gwtw4RI6cAtd8IBABs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz/xoZKa</latexit><latexit sha1_base64="NGh21dtuifsy/Q7EWgnbVSYLw1o=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28euM3AbjgtZwG0TtySNKBEN7C/hqOEZDEVmnCs1MB1Uu3nWGpGOJ3XhpmiKSZTPKYDQwWOqfLzRfA5OjfKCEWJNE9otFB/b+Q4VmoWh2aySKlWvUL8zxtkOrrycybSTFNBloeijCOdoKIFNGKSEs1nhmAimcmKyARLTLTpqmZKcFe/vE567ZbrtNy7dqNzXdZRhVM4gwtw4RI6cAtd8IBABs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz/xoZKa</latexit><latexit sha1_base64="NGh21dtuifsy/Q7EWgnbVSYLw1o=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28euM3AbjgtZwG0TtySNKBEN7C/hqOEZDEVmnCs1MB1Uu3nWGpGOJ3XhpmiKSZTPKYDQwWOqfLzRfA5OjfKCEWJNE9otFB/b+Q4VmoWh2aySKlWvUL8zxtkOrrycybSTFNBloeijCOdoKIFNGKSEs1nhmAimcmKyARLTLTpqmZKcFe/vE567ZbrtNy7dqNzXdZRhVM4gwtw4RI6cAtd8IBABs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz/xoZKa</latexit><latexit sha1_base64="NGh21dtuifsy/Q7EWgnbVSYLw1o=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28euM3AbjgtZwG0TtySNKBEN7C/hqOEZDEVmnCs1MB1Uu3nWGpGOJ3XhpmiKSZTPKYDQwWOqfLzRfA5OjfKCEWJNE9otFB/b+Q4VmoWh2aySKlWvUL8zxtkOrrycybSTFNBloeijCOdoKIFNGKSEs1nhmAimcmKyARLTLTpqmZKcFe/vE567ZbrtNy7dqNzXdZRhVM4gwtw4RI6cAtd8IBABs/wCm/Wk/VivVsfy9GKVe6cwB9Ynz/xoZKa</latexit>

U2
<latexit sha1_base64="sPStLnzu6fUV4aEp0AgLOeQAsH4=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28etJuB3XBazgJonbglaUCJbmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kkVKteoX4nzfIdHTl50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ302i3Xabl37UbnuqyjCqdwBhfgwiV04Ba64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8A8yaSmw==</latexit><latexit sha1_base64="sPStLnzu6fUV4aEp0AgLOeQAsH4=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28etJuB3XBazgJonbglaUCJbmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kkVKteoX4nzfIdHTl50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ302i3Xabl37UbnuqyjCqdwBhfgwiV04Ba64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8A8yaSmw==</latexit><latexit sha1_base64="sPStLnzu6fUV4aEp0AgLOeQAsH4=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28etJuB3XBazgJonbglaUCJbmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kkVKteoX4nzfIdHTl50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ302i3Xabl37UbnuqyjCqdwBhfgwiV04Ba64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8A8yaSmw==</latexit><latexit sha1_base64="sPStLnzu6fUV4aEp0AgLOeQAsH4=">AAAB+HicbVA9T8MwFHwpX6V8NMDIYtEiMVVJFxgrWBiLRFqkNooc12mtOk5kO0gl6i9hYQAhVn4KG/8Gp80ALSdZOt29p3e+MOVMacf5tiobm1vbO9Xd2t7+wWHdPjruqSSThHok4Yl8CLGinAnqaaY5fUglxXHIaT+c3hR+/5FKxRJxr2cp9WM8FixiBGsjBXa9OYyxnhDMc28etJuB3XBazgJonbglaUCJbmB/DUcJyWIqNOFYqYHrpNrPsdSMcDqvDTNFU0ymeEwHhgocU+Xni+BzdG6UEYoSaZ7QaKH+3shxrNQsDs1kkVKteoX4nzfIdHTl50ykmaaCLA9FGUc6QUULaMQkJZrPDMFEMpMVkQmWmGjTVc2U4K5+eZ302i3Xabl37UbnuqyjCqdwBhfgwiV04Ba64AGBDJ7hFd6sJ+vFerc+lqMVq9w5gT+wPn8A8yaSmw==</latexit>

M(X, f,U1)
<latexit sha1_base64="GzzoKVzauICmbIeBQoZI6sNeDoc=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNQxT2uOXjWaRl5wGcwCqqCojqN/Dkchjn0SSMyQEAPTiKSdIC4pZiStDGNBIoSnaEwGCgPkE2En+U0pPFHKCHohVy+QMFd/TyTIF2Lmu6ozW1Msepn4nzeIpXdhJzSIYkkCPP/IixmUIcwCgiPKCZZspgBhTtWuEE8QR1iqGCsqBHPx5GXotpqm0TRvW9X2ZRFHGRyBY1AHJjgHbXANOsACGDyAJ/ACXrVH7Vl7097nrSWtmDkEf0r7+AbFWJ1s</latexit><latexit sha1_base64="GzzoKVzauICmbIeBQoZI6sNeDoc=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNQxT2uOXjWaRl5wGcwCqqCojqN/Dkchjn0SSMyQEAPTiKSdIC4pZiStDGNBIoSnaEwGCgPkE2En+U0pPFHKCHohVy+QMFd/TyTIF2Lmu6ozW1Msepn4nzeIpXdhJzSIYkkCPP/IixmUIcwCgiPKCZZspgBhTtWuEE8QR1iqGCsqBHPx5GXotpqm0TRvW9X2ZRFHGRyBY1AHJjgHbXANOsACGDyAJ/ACXrVH7Vl7097nrSWtmDkEf0r7+AbFWJ1s</latexit><latexit sha1_base64="GzzoKVzauICmbIeBQoZI6sNeDoc=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNQxT2uOXjWaRl5wGcwCqqCojqN/Dkchjn0SSMyQEAPTiKSdIC4pZiStDGNBIoSnaEwGCgPkE2En+U0pPFHKCHohVy+QMFd/TyTIF2Lmu6ozW1Msepn4nzeIpXdhJzSIYkkCPP/IixmUIcwCgiPKCZZspgBhTtWuEE8QR1iqGCsqBHPx5GXotpqm0TRvW9X2ZRFHGRyBY1AHJjgHbXANOsACGDyAJ/ACXrVH7Vl7097nrSWtmDkEf0r7+AbFWJ1s</latexit><latexit sha1_base64="GzzoKVzauICmbIeBQoZI6sNeDoc=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNQxT2uOXjWaRl5wGcwCqqCojqN/Dkchjn0SSMyQEAPTiKSdIC4pZiStDGNBIoSnaEwGCgPkE2En+U0pPFHKCHohVy+QMFd/TyTIF2Lmu6ozW1Msepn4nzeIpXdhJzSIYkkCPP/IixmUIcwCgiPKCZZspgBhTtWuEE8QR1iqGCsqBHPx5GXotpqm0TRvW9X2ZRFHGRyBY1AHJjgHbXANOsACGDyAJ/ACXrVH7Vl7097nrSWtmDkEf0r7+AbFWJ1s</latexit>

M(X, f,U2)
<latexit sha1_base64="yfmSzAMvbF/SEX/SXuBoXpSI3Ck=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNRpndYcvWo0jbzgMpgFVEFRHUf/HI5CHPskkJghIQamEUk7QVxSzEhaGcaCRAhP0ZgMFAbIJ8JO8ptSeKKUEfRCrl4gYa7+nkiQL8TMd1VntqZY9DLxP28QS+/CTmgQxZIEeP6RFzMoQ5gFBEeUEyzZTAHCnKpdIZ4gjrBUMVZUCObiycvQbTVNo2netqrtyyKOMjgCx6AOTHAO2uAadIAFMHgAT+AFvGqP2rP2pr3PW0taMXMI/pT28Q3G3p1t</latexit><latexit sha1_base64="yfmSzAMvbF/SEX/SXuBoXpSI3Ck=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNRpndYcvWo0jbzgMpgFVEFRHUf/HI5CHPskkJghIQamEUk7QVxSzEhaGcaCRAhP0ZgMFAbIJ8JO8ptSeKKUEfRCrl4gYa7+nkiQL8TMd1VntqZY9DLxP28QS+/CTmgQxZIEeP6RFzMoQ5gFBEeUEyzZTAHCnKpdIZ4gjrBUMVZUCObiycvQbTVNo2netqrtyyKOMjgCx6AOTHAO2uAadIAFMHgAT+AFvGqP2rP2pr3PW0taMXMI/pT28Q3G3p1t</latexit><latexit sha1_base64="yfmSzAMvbF/SEX/SXuBoXpSI3Ck=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNRpndYcvWo0jbzgMpgFVEFRHUf/HI5CHPskkJghIQamEUk7QVxSzEhaGcaCRAhP0ZgMFAbIJ8JO8ptSeKKUEfRCrl4gYa7+nkiQL8TMd1VntqZY9DLxP28QS+/CTmgQxZIEeP6RFzMoQ5gFBEeUEyzZTAHCnKpdIZ4gjrBUMVZUCObiycvQbTVNo2netqrtyyKOMjgCx6AOTHAO2uAadIAFMHgAT+AFvGqP2rP2pr3PW0taMXMI/pT28Q3G3p1t</latexit><latexit sha1_base64="yfmSzAMvbF/SEX/SXuBoXpSI3Ck=">AAACE3icbZDLSsNAFIYn9VbrLerSzWArVCkl6UaXRTduhAqmLbQhTKaTdujkwsxEKCHv4MZXceNCEbdu3Pk2TtIg2npg4OP/z2HO+d2IUSEN40srrayurW+UNytb2zu7e/r+QVeEMcfEwiELed9FgjAaEEtSyUg/4gT5LiM9d3qV+b17wgUNgzs5i4jto3FAPYqRVJKjn9WGPpITjFhyk9Zzdt2knza8BvxxrNRpndYcvWo0jbzgMpgFVEFRHUf/HI5CHPskkJghIQamEUk7QVxSzEhaGcaCRAhP0ZgMFAbIJ8JO8ptSeKKUEfRCrl4gYa7+nkiQL8TMd1VntqZY9DLxP28QS+/CTmgQxZIEeP6RFzMoQ5gFBEeUEyzZTAHCnKpdIZ4gjrBUMVZUCObiycvQbTVNo2netqrtyyKOMjgCx6AOTHAO2uAadIAFMHgAT+AFvGqP2rP2pr3PW0taMXMI/pT28Q3G3p1t</latexit>



Mapper in TDA

The mapper construction is widely appreciated by the practitioners...

Singh et al. (2007)



Mapper graphs as summary graphs for point cloud data

X
<latexit sha1_base64="Q8yu5s3geh4iLg65FIXLy1isHlM=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3upKCG5cV7AOaUCbT23boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cMBFcG9f9djY2t7Z3dkt75f2Dw6PjyslpR8epYthmsYhVL6QaBZfYNtwI7CUKaRQK7IbTu9zvPqHSPJaPZpZgENGx5CPOqLGSX/MjaiZhmPXmtUGl6tbdBcg68QpShQKtQeXLH8YsjVAaJqjWfc9NTJBRZTgTOC/7qcaEsikdY99SSSPUQbbIPCeXVhmSUazsk4Ys1N8bGY20nkWhncwj6lUvF//z+qkZ3QQZl0lqULLloVEqiIlJXgAZcoXMiJkllClusxI2oYoyY2sq2xK81S+vk06j7rl176FRbd4WdZTgHC7gCjy4hibcQwvawCCBZ3iFNyd1Xpx352M5uuEUO2fwB87nD4FskU4=</latexit><latexit sha1_base64="Q8yu5s3geh4iLg65FIXLy1isHlM=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3upKCG5cV7AOaUCbT23boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cMBFcG9f9djY2t7Z3dkt75f2Dw6PjyslpR8epYthmsYhVL6QaBZfYNtwI7CUKaRQK7IbTu9zvPqHSPJaPZpZgENGx5CPOqLGSX/MjaiZhmPXmtUGl6tbdBcg68QpShQKtQeXLH8YsjVAaJqjWfc9NTJBRZTgTOC/7qcaEsikdY99SSSPUQbbIPCeXVhmSUazsk4Ys1N8bGY20nkWhncwj6lUvF//z+qkZ3QQZl0lqULLloVEqiIlJXgAZcoXMiJkllClusxI2oYoyY2sq2xK81S+vk06j7rl176FRbd4WdZTgHC7gCjy4hibcQwvawCCBZ3iFNyd1Xpx352M5uuEUO2fwB87nD4FskU4=</latexit><latexit sha1_base64="Q8yu5s3geh4iLg65FIXLy1isHlM=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3upKCG5cV7AOaUCbT23boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cMBFcG9f9djY2t7Z3dkt75f2Dw6PjyslpR8epYthmsYhVL6QaBZfYNtwI7CUKaRQK7IbTu9zvPqHSPJaPZpZgENGx5CPOqLGSX/MjaiZhmPXmtUGl6tbdBcg68QpShQKtQeXLH8YsjVAaJqjWfc9NTJBRZTgTOC/7qcaEsikdY99SSSPUQbbIPCeXVhmSUazsk4Ys1N8bGY20nkWhncwj6lUvF//z+qkZ3QQZl0lqULLloVEqiIlJXgAZcoXMiJkllClusxI2oYoyY2sq2xK81S+vk06j7rl176FRbd4WdZTgHC7gCjy4hibcQwvawCCBZ3iFNyd1Xpx352M5uuEUO2fwB87nD4FskU4=</latexit><latexit sha1_base64="Q8yu5s3geh4iLg65FIXLy1isHlM=">AAAB83icbVDLSsNAFL3xWeur6tLNYCu4Kkk3upKCG5cV7AOaUCbT23boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cMBFcG9f9djY2t7Z3dkt75f2Dw6PjyslpR8epYthmsYhVL6QaBZfYNtwI7CUKaRQK7IbTu9zvPqHSPJaPZpZgENGx5CPOqLGSX/MjaiZhmPXmtUGl6tbdBcg68QpShQKtQeXLH8YsjVAaJqjWfc9NTJBRZTgTOC/7qcaEsikdY99SSSPUQbbIPCeXVhmSUazsk4Ys1N8bGY20nkWhncwj6lUvF//z+qkZ3QQZl0lqULLloVEqiIlJXgAZcoXMiJkllClusxI2oYoyY2sq2xK81S+vk06j7rl176FRbd4WdZTgHC7gCjy4hibcQwvawCCBZ3iFNyd1Xpx352M5uuEUO2fwB87nD4FskU4=</latexit>

U3
<latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit><latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit><latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit><latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit>

f
<latexit sha1_base64="yo4iVH85RdbSsbbh4/6CSohV1ZA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9WwOihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGAxI1A</latexit><latexit sha1_base64="yo4iVH85RdbSsbbh4/6CSohV1ZA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9WwOihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGAxI1A</latexit><latexit sha1_base64="yo4iVH85RdbSsbbh4/6CSohV1ZA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9WwOihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGAxI1A</latexit><latexit sha1_base64="yo4iVH85RdbSsbbh4/6CSohV1ZA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jbzCVL9vaO3T0hHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnbR2nimGLxSJW3YBqFFxiy3AjsJsopFEgsBNMbud+5wmV5rF8NNME/YiOJA85o8ZKD9WwOihX3Jq7AFknXk4qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOiMXVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhNd+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66Rdr3luzbuvVxo3eRxFOINzuAQPrqABd9CEFjAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGAxI1A</latexit>

R
<latexit sha1_base64="FfGbbqsF66N6EuYl72p8iwYAwM0=">AAAB83icbVDLSsNAFL2pr1pfVZduBlvBVUm60ZUU3LisYh/QhDKZTtqhk0mYh1BCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTDlT2nW/ndLG5tb2Tnm3srd/cHhUPT7pqsRIQjsk4Ynsh1hRzgTtaKY57aeS4jjktBdOb3O/90SlYol41LOUBjEeCxYxgrWV/LofYz0Jw+xhXh9Wa27DXQCtE68gNSjQHla//FFCTEyFJhwrNfDcVAcZlpoRTucV3yiaYjLFYzqwVOCYqiBbZJ6jC6uMUJRI+4RGC/X3RoZjpWZxaCfziGrVy8X/vIHR0XWQMZEaTQVZHooMRzpBeQFoxCQlms8swUQymxWRCZaYaFtTxZbgrX55nXSbDc9tePfNWuumqKMMZ3AOl+DBFbTgDtrQAQIpPMMrvDnGeXHenY/laMkpdk7hD5zPH3hIkUg=</latexit><latexit sha1_base64="FfGbbqsF66N6EuYl72p8iwYAwM0=">AAAB83icbVDLSsNAFL2pr1pfVZduBlvBVUm60ZUU3LisYh/QhDKZTtqhk0mYh1BCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTDlT2nW/ndLG5tb2Tnm3srd/cHhUPT7pqsRIQjsk4Ynsh1hRzgTtaKY57aeS4jjktBdOb3O/90SlYol41LOUBjEeCxYxgrWV/LofYz0Jw+xhXh9Wa27DXQCtE68gNSjQHla//FFCTEyFJhwrNfDcVAcZlpoRTucV3yiaYjLFYzqwVOCYqiBbZJ6jC6uMUJRI+4RGC/X3RoZjpWZxaCfziGrVy8X/vIHR0XWQMZEaTQVZHooMRzpBeQFoxCQlms8swUQymxWRCZaYaFtTxZbgrX55nXSbDc9tePfNWuumqKMMZ3AOl+DBFbTgDtrQAQIpPMMrvDnGeXHenY/laMkpdk7hD5zPH3hIkUg=</latexit><latexit sha1_base64="FfGbbqsF66N6EuYl72p8iwYAwM0=">AAAB83icbVDLSsNAFL2pr1pfVZduBlvBVUm60ZUU3LisYh/QhDKZTtqhk0mYh1BCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTDlT2nW/ndLG5tb2Tnm3srd/cHhUPT7pqsRIQjsk4Ynsh1hRzgTtaKY57aeS4jjktBdOb3O/90SlYol41LOUBjEeCxYxgrWV/LofYz0Jw+xhXh9Wa27DXQCtE68gNSjQHla//FFCTEyFJhwrNfDcVAcZlpoRTucV3yiaYjLFYzqwVOCYqiBbZJ6jC6uMUJRI+4RGC/X3RoZjpWZxaCfziGrVy8X/vIHR0XWQMZEaTQVZHooMRzpBeQFoxCQlms8swUQymxWRCZaYaFtTxZbgrX55nXSbDc9tePfNWuumqKMMZ3AOl+DBFbTgDtrQAQIpPMMrvDnGeXHenY/laMkpdk7hD5zPH3hIkUg=</latexit><latexit sha1_base64="FfGbbqsF66N6EuYl72p8iwYAwM0=">AAAB83icbVDLSsNAFL2pr1pfVZduBlvBVUm60ZUU3LisYh/QhDKZTtqhk0mYh1BCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTDlT2nW/ndLG5tb2Tnm3srd/cHhUPT7pqsRIQjsk4Ynsh1hRzgTtaKY57aeS4jjktBdOb3O/90SlYol41LOUBjEeCxYxgrWV/LofYz0Jw+xhXh9Wa27DXQCtE68gNSjQHla//FFCTEyFJhwrNfDcVAcZlpoRTucV3yiaYjLFYzqwVOCYqiBbZJ6jC6uMUJRI+4RGC/X3RoZjpWZxaCfziGrVy8X/vIHR0XWQMZEaTQVZHooMRzpBeQFoxCQlms8swUQymxWRCZaYaFtTxZbgrX55nXSbDc9tePfNWuumqKMMZ3AOl+DBFbTgDtrQAQIpPMMrvDnGeXHenY/laMkpdk7hD5zPH3hIkUg=</latexit>

U2<latexit sha1_base64="fHdLzXqi5a09GRbyFkVaCz+Mrrk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332yltbG5t75R3K3v7B4dH1eOTjkkyzbjPEpnox5AaLoXiPgqU/DHVnMah5N1wcjv3u09cG5GoB5ymPIjpSIlIMIpW8uv+oFkfVGtuw12ArBOvIDUo0B5Uv/rDhGUxV8gkNabnuSkGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh2Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRdZALlWbIFVsuijJJMCHzz8lQaM5QTi2hTAt7K2FjqilDm0/FhuCtvrxOOs2G5za8+2atdVPEUYYzOIdL8OAKWnAHbfCBgYBneIU3RzkvzrvzsWwtOcXMKfyB8/kDjnaN1A==</latexit><latexit sha1_base64="fHdLzXqi5a09GRbyFkVaCz+Mrrk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332yltbG5t75R3K3v7B4dH1eOTjkkyzbjPEpnox5AaLoXiPgqU/DHVnMah5N1wcjv3u09cG5GoB5ymPIjpSIlIMIpW8uv+oFkfVGtuw12ArBOvIDUo0B5Uv/rDhGUxV8gkNabnuSkGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh2Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRdZALlWbIFVsuijJJMCHzz8lQaM5QTi2hTAt7K2FjqilDm0/FhuCtvrxOOs2G5za8+2atdVPEUYYzOIdL8OAKWnAHbfCBgYBneIU3RzkvzrvzsWwtOcXMKfyB8/kDjnaN1A==</latexit><latexit sha1_base64="fHdLzXqi5a09GRbyFkVaCz+Mrrk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332yltbG5t75R3K3v7B4dH1eOTjkkyzbjPEpnox5AaLoXiPgqU/DHVnMah5N1wcjv3u09cG5GoB5ymPIjpSIlIMIpW8uv+oFkfVGtuw12ArBOvIDUo0B5Uv/rDhGUxV8gkNabnuSkGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh2Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRdZALlWbIFVsuijJJMCHzz8lQaM5QTi2hTAt7K2FjqilDm0/FhuCtvrxOOs2G5za8+2atdVPEUYYzOIdL8OAKWnAHbfCBgYBneIU3RzkvzrvzsWwtOcXMKfyB8/kDjnaN1A==</latexit><latexit sha1_base64="fHdLzXqi5a09GRbyFkVaCz+Mrrk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332yltbG5t75R3K3v7B4dH1eOTjkkyzbjPEpnox5AaLoXiPgqU/DHVnMah5N1wcjv3u09cG5GoB5ymPIjpSIlIMIpW8uv+oFkfVGtuw12ArBOvIDUo0B5Uv/rDhGUxV8gkNabnuSkGOdUomOSzSj8zPKVsQke8Z6miMTdBvjh2Ri6sMiRRom0pJAv190ROY2OmcWg7Y4pjs+rNxf+8XobRdZALlWbIFVsuijJJMCHzz8lQaM5QTi2hTAt7K2FjqilDm0/FhuCtvrxOOs2G5za8+2atdVPEUYYzOIdL8OAKWnAHbfCBgYBneIU3RzkvzrvzsWwtOcXMKfyB8/kDjnaN1A==</latexit>

U1<latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit>

U1<latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit>

U1<latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit><latexit sha1_base64="QbOssBcNkUTQzc/QHBE+lmZg/tk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5L0oicpePFYwbRCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnHZ1kiqHPEpGox5BqFFyib7gR+JgqpHEosBtObud+9wmV5ol8MNMUg5iOJI84o8ZKft0fePVBteY23AXIOvEKUoMC7UH1qz9MWBajNExQrXuem5ogp8pwJnBW6WcaU8omdIQ9SyWNUQf54tgZubDKkESJsiUNWai/J3Iaaz2NQ9sZUzPWq95c/M/rZSa6DnIu08ygZMtFUSaIScj8czLkCpkRU0soU9zeStiYKsqMzadiQ/BWX14nnWbDcxvefbPWuiniKMMZnMMleHAFLbiDNvjAgMMzvMKbI50X5935WLaWnGLmFP7A+fwBjPGN0w==</latexit>

U3
<latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit><latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit><latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit><latexit sha1_base64="pfBsnq4IH5ui8kWr7iv+ZYHQrhU=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYeEACF7K37MGGvb3L7pwJIfwGGwuNsfUH2flvXOAKBV8yyct7M5mZF6ZSGHTdb6ewsbm1vVPcLe3tHxwelY9PWibJNOM+S2SiOyE1XArFfRQoeSfVnMah5O1wfDf3209cG5GoR5ykPIjpUIlIMIpW8qt+/6raL1fcmrsAWSdeTiqQo9kvf/UGCctirpBJakzXc1MMplSjYJLPSr3M8JSyMR3yrqWKxtwE08WxM3JhlQGJEm1LIVmovyemNDZmEoe2M6Y4MqveXPzP62YY3QRTodIMuWLLRVEmCSZk/jkZCM0ZyokllGlhbyVsRDVlaPMp2RC81ZfXSate89ya91CvNG7zOIpwBudwCR5cQwPuoQk+MBDwDK/w5ijnxXl3PpatBSefOYU/cD5/AI/7jdU=</latexit>

f�1(U1)
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<latexit sha1_base64="V4I7p4eh2MDBA74q5BBY/6/E/z0=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TloidD4sUjJhZIoJLtsoUN223Z3ZKQht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzz485U9q2v63cxubW9k5+t7C3f3B4VDw+aaookYS6JOKRbPtYUc4EdTXTnLZjSXHoc9ryR3dzvzWhUrFIPOppTL0QDwQLGMHaSF45eEqvnFnF7dUuy71iya7aC6B14mSkBBkaveJXtx+RJKRCE46V6jh2rL0US80Ip7NCN1E0xmSEB7RjqMAhVV66OHqGLozSR0EkTQmNFurviRSHSk1D33SGWA/VqjcX//M6iQ5uvJSJONFUkOWiIOFIR2ieAOozSYnmU0MwkczcisgQS0y0yalgQnBWX14nzVrVsavOQ61Uv83iyMMZnEMFHLiGOtxDA1wgMIZneIU3a2K9WO/Wx7I1Z2Uzp/AH1ucPdYqQjw==</latexit><latexit sha1_base64="V4I7p4eh2MDBA74q5BBY/6/E/z0=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TloidD4sUjJhZIoJLtsoUN223Z3ZKQht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzz485U9q2v63cxubW9k5+t7C3f3B4VDw+aaookYS6JOKRbPtYUc4EdTXTnLZjSXHoc9ryR3dzvzWhUrFIPOppTL0QDwQLGMHaSF45eEqvnFnF7dUuy71iya7aC6B14mSkBBkaveJXtx+RJKRCE46V6jh2rL0US80Ip7NCN1E0xmSEB7RjqMAhVV66OHqGLozSR0EkTQmNFurviRSHSk1D33SGWA/VqjcX//M6iQ5uvJSJONFUkOWiIOFIR2ieAOozSYnmU0MwkczcisgQS0y0yalgQnBWX14nzVrVsavOQ61Uv83iyMMZnEMFHLiGOtxDA1wgMIZneIU3a2K9WO/Wx7I1Z2Uzp/AH1ucPdYqQjw==</latexit><latexit sha1_base64="V4I7p4eh2MDBA74q5BBY/6/E/z0=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TloidD4sUjJhZIoJLtsoUN223Z3ZKQht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzz485U9q2v63cxubW9k5+t7C3f3B4VDw+aaookYS6JOKRbPtYUc4EdTXTnLZjSXHoc9ryR3dzvzWhUrFIPOppTL0QDwQLGMHaSF45eEqvnFnF7dUuy71iya7aC6B14mSkBBkaveJXtx+RJKRCE46V6jh2rL0US80Ip7NCN1E0xmSEB7RjqMAhVV66OHqGLozSR0EkTQmNFurviRSHSk1D33SGWA/VqjcX//M6iQ5uvJSJONFUkOWiIOFIR2ieAOozSYnmU0MwkczcisgQS0y0yalgQnBWX14nzVrVsavOQ61Uv83iyMMZnEMFHLiGOtxDA1wgMIZneIU3a2K9WO/Wx7I1Z2Uzp/AH1ucPdYqQjw==</latexit><latexit sha1_base64="V4I7p4eh2MDBA74q5BBY/6/E/z0=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TloidD4sUjJhZIoJLtsoUN223Z3ZKQht/hxYPGePXHePPfuEAPCr5kkpf3ZjIzz485U9q2v63cxubW9k5+t7C3f3B4VDw+aaookYS6JOKRbPtYUc4EdTXTnLZjSXHoc9ryR3dzvzWhUrFIPOppTL0QDwQLGMHaSF45eEqvnFnF7dUuy71iya7aC6B14mSkBBkaveJXtx+RJKRCE46V6jh2rL0US80Ip7NCN1E0xmSEB7RjqMAhVV66OHqGLozSR0EkTQmNFurviRSHSk1D33SGWA/VqjcX//M6iQ5uvJSJONFUkOWiIOFIR2ieAOozSYnmU0MwkczcisgQS0y0yalgQnBWX14nzVrVsavOQ61Uv83iyMMZnEMFHLiGOtxDA1wgMIZneIU3a2K9WO/Wx7I1Z2Uzp/AH1ucPdYqQjw==</latexit>

f�1(U3)
<latexit sha1_base64="iwIkraFB4sChyH0RLM2Lput61to=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TFg54MiRePmFgggUq2yxY2bLd1d0tCGn6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZya+sbm1v57cLO7t7+QfHwqKmiRBLqkohHsu1jRTkT1NVMc9qOJcWhz2nLH93O/NaYSsUi8aAnMfVCPBAsYARrI3nl4DG9cKYVt3d5Xu4VS3bVngOtEicjJcjQ6BW/uv2IJCEVmnCsVMexY+2lWGpGOJ0WuomiMSYjPKAdQwUOqfLS+dFTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XSXRw7aVMxImmgiwWBQlHOkKzBFCfSUo0nxiCiWTmVkSGWGKiTU4FE4Kz/PIqadaqjl117mul+k0WRx5O4BQq4MAV1OEOGuACgSd4hld4s8bWi/VufSxac1Y2cwx/YH3+AHcQkJA=</latexit><latexit sha1_base64="iwIkraFB4sChyH0RLM2Lput61to=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TFg54MiRePmFgggUq2yxY2bLd1d0tCGn6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZya+sbm1v57cLO7t7+QfHwqKmiRBLqkohHsu1jRTkT1NVMc9qOJcWhz2nLH93O/NaYSsUi8aAnMfVCPBAsYARrI3nl4DG9cKYVt3d5Xu4VS3bVngOtEicjJcjQ6BW/uv2IJCEVmnCsVMexY+2lWGpGOJ0WuomiMSYjPKAdQwUOqfLS+dFTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XSXRw7aVMxImmgiwWBQlHOkKzBFCfSUo0nxiCiWTmVkSGWGKiTU4FE4Kz/PIqadaqjl117mul+k0WRx5O4BQq4MAV1OEOGuACgSd4hld4s8bWi/VufSxac1Y2cwx/YH3+AHcQkJA=</latexit><latexit sha1_base64="iwIkraFB4sChyH0RLM2Lput61to=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TFg54MiRePmFgggUq2yxY2bLd1d0tCGn6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZya+sbm1v57cLO7t7+QfHwqKmiRBLqkohHsu1jRTkT1NVMc9qOJcWhz2nLH93O/NaYSsUi8aAnMfVCPBAsYARrI3nl4DG9cKYVt3d5Xu4VS3bVngOtEicjJcjQ6BW/uv2IJCEVmnCsVMexY+2lWGpGOJ0WuomiMSYjPKAdQwUOqfLS+dFTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XSXRw7aVMxImmgiwWBQlHOkKzBFCfSUo0nxiCiWTmVkSGWGKiTU4FE4Kz/PIqadaqjl117mul+k0WRx5O4BQq4MAV1OEOGuACgSd4hld4s8bWi/VufSxac1Y2cwx/YH3+AHcQkJA=</latexit><latexit sha1_base64="iwIkraFB4sChyH0RLM2Lput61to=">AAAB9HicbVBNT8JAEJ3iF+IX6tHLRjDBg6TFg54MiRePmFgggUq2yxY2bLd1d0tCGn6HFw8a49Uf481/4wI9KPiSSV7em8nMPD/mTGnb/rZya+sbm1v57cLO7t7+QfHwqKmiRBLqkohHsu1jRTkT1NVMc9qOJcWhz2nLH93O/NaYSsUi8aAnMfVCPBAsYARrI3nl4DG9cKYVt3d5Xu4VS3bVngOtEicjJcjQ6BW/uv2IJCEVmnCsVMexY+2lWGpGOJ0WuomiMSYjPKAdQwUOqfLS+dFTdGaUPgoiaUpoNFd/T6Q4VGoS+qYzxHqolr2Z+J/XSXRw7aVMxImmgiwWBQlHOkKzBFCfSUo0nxiCiWTmVkSGWGKiTU4FE4Kz/PIqadaqjl117mul+k0WRx5O4BQq4MAV1OEOGuACgSd4hld4s8bWi/VufSxac1Y2cwx/YH3+AHcQkJA=</latexit>

M
<latexit sha1_base64="MV4KClPPJ7EADRGUuQg4wz2kaJg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRldScONGqGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGlnoa0HAodz7uWenCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTG4zvzOlSjMpHs0spn6ER4KFjGBjJb/aj7AZE8zT+3l1UK64NXcBtE68nFQgR3NQ/uoPJUkiKgzhWOue58bGT7EyjHA6L/UTTWNMJnhEe5YKHFHtp4vQc3RhlSEKpbJPGLRQf2+kONJ6FgV2MsuoV71M/M/rJSa89lMm4sRQQZaHwoQjI1HWABoyRYnhM0swUcxmRWSMFSbG9lSyJXirX14n7XrNc2veQ73SuMnrKMIZnMMleHAFDbiDJrSAwBM8wyu8OVPnxXl3PpajBSffOYU/cD5/AD4Ckbk=</latexit><latexit sha1_base64="MV4KClPPJ7EADRGUuQg4wz2kaJg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRldScONGqGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGlnoa0HAodz7uWenCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTG4zvzOlSjMpHs0spn6ER4KFjGBjJb/aj7AZE8zT+3l1UK64NXcBtE68nFQgR3NQ/uoPJUkiKgzhWOue58bGT7EyjHA6L/UTTWNMJnhEe5YKHFHtp4vQc3RhlSEKpbJPGLRQf2+kONJ6FgV2MsuoV71M/M/rJSa89lMm4sRQQZaHwoQjI1HWABoyRYnhM0swUcxmRWSMFSbG9lSyJXirX14n7XrNc2veQ73SuMnrKMIZnMMleHAFDbiDJrSAwBM8wyu8OVPnxXl3PpajBSffOYU/cD5/AD4Ckbk=</latexit><latexit sha1_base64="MV4KClPPJ7EADRGUuQg4wz2kaJg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRldScONGqGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGlnoa0HAodz7uWenCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTG4zvzOlSjMpHs0spn6ER4KFjGBjJb/aj7AZE8zT+3l1UK64NXcBtE68nFQgR3NQ/uoPJUkiKgzhWOue58bGT7EyjHA6L/UTTWNMJnhEe5YKHFHtp4vQc3RhlSEKpbJPGLRQf2+kONJ6FgV2MsuoV71M/M/rJSa89lMm4sRQQZaHwoQjI1HWABoyRYnhM0swUcxmRWSMFSbG9lSyJXirX14n7XrNc2veQ73SuMnrKMIZnMMleHAFDbiDJrSAwBM8wyu8OVPnxXl3PpajBSffOYU/cD5/AD4Ckbk=</latexit><latexit sha1_base64="MV4KClPPJ7EADRGUuQg4wz2kaJg=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBFvBVZnpRldScONGqGAf0A4lk2ba0EwyJplCGfodblwo4taPceffmGlnoa0HAodz7uWenCDmTBvX/XYKG5tb2zvF3dLe/sHhUfn4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTG4zvzOlSjMpHs0spn6ER4KFjGBjJb/aj7AZE8zT+3l1UK64NXcBtE68nFQgR3NQ/uoPJUkiKgzhWOue58bGT7EyjHA6L/UTTWNMJnhEe5YKHFHtp4vQc3RhlSEKpbJPGLRQf2+kONJ6FgV2MsuoV71M/M/rJSa89lMm4sRQQZaHwoQjI1HWABoyRYnhM0swUcxmRWSMFSbG9lSyJXirX14n7XrNc2veQ73SuMnrKMIZnMMleHAFDbiDJrSAwBM8wyu8OVPnxXl3PpajBSffOYU/cD5/AD4Ckbk=</latexit>



Feature visualization by optimization

Image: https://distill.pub/2017/feature-visualization/



Results: leg-face bifurcation (branching)
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Comparison with t-SNE

Highlighting activation vectors that belong to the leg-face bifurcation as
orange points in the t-SNE projection.



PCA of the leg-face bifurcation

Refined analysis (and validation) of bifurcations



Results: bird-mammal bifurcation
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Results: geometry-text bifurcation
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PCA of the geometry-text bifurcation

Refined analysis (and validation) of bifurcations



Results: fur-nose-ear-eye loop
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Results: face-body-leg loop of birds
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Results: distribution of branching structures
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Results: multilayer summary graphs



Code and Demo

https://github.com/architrathore/TopoAct-v2.1/

https://architrathore.github.io/TopoAct-v2.1/

https://github.com/architrathore/TopoAct-v2.1/
https://architrathore.github.io/TopoAct-v2.1/


Discussions

Generality: other architecture, other datasets

Parameter tuning

Scalability

Stability

L2 Norm and Adaptive Cover



Applying TopoAct to ResNet trained on CIFAR



Results CIFAR: horse-deer bifurcation



Results CIFAR: frog-cat bifurcation



Results CIFAR: Airplane-ship-horse-dog-truck loop



Discussions

Generality: other architecture, other datasets

Parameter tuning

Scalability

Stability

L2 Norm and Adaptive Cover
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