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MOTIVATION
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Traditional MPM 
[Stomakhin et al. 2013]

Augmented MPM 
[Stomakhin et al. 2014]

Ours

Challenge: free slip interface
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PREVIOUS WORK
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• Lagrangian Solids and Eulerian Fluids [Chentanez et al. 2006] [Batty et al. 
2007] 

• Lagrangian Solids and Lagrangian Fluids [Solenthaler et al. 2007] [Muller et 
al. 2015] 

• Eulerian Solids and Eulerian Fluids [Levin et al. 2011] [Teng et al. 2016] 
• Hybrid Particle-Grid Methods [Hu et al. 2018] [Han et al. 2019] 

Most of these works do not address strong two-way coupling of incompressible fluids with 
non-linear elastic solids without requiring multiple monolithic solves.
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CORE IDEAS
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Governing 
Equation DiscretizationWeak Form
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<latexit sha1_base64="TwWv4n+fEa0bh5WlvaID0OsextQ="></latexit>
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<latexit sha1_base64="TwWv4n+fEa0bh5WlvaID0OsextQ="></latexit>
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BACKGROUND MPM.GRAPHICS
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Material Point Method (MPM)

• Single grid: self-collision suffers from 
numerical stickiness 

• Multiple grid: tangentially discontinuous 
velocity by using different grids is limited 
to explicit time integration

MPM Coupling Issues:

The Material Point Method for Simulating Continuum Materials, SIGGRAPH course notes, 2016.

 On hybrid lagrangian-eulerian simulation methods: practical notes and high-performance aspects, 
SIGGRAPH course notes, 2019.

Particles Grid

Transfer

Transfer

Forces
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IQ-MPM METHOD
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SPLITTING
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 (F s) =  s(F )
<latexit sha1_base64="xPsybzmFpdyX6mfA8CStesYyTU4=">AAAB/HicbZDNSsNAFIVv6l+tf9Eu3QSL0G5KUgXdCEWhuKxga6FNy2Q6bYdOJmFmIoRQX8WNC0Xc+iDufBsnbRbaemDg49x7uXeOFzIqlW1/G7m19Y3Nrfx2YWd3b//APDxqyyASmLRwwALR8ZAkjHLSUlQx0gkFQb7HyIM3vUnrD49ESBrwexWHxPXRmNMRxUhpa2AWe01Jy42+rFyl1JflRmVgluyqPZe1Ck4GJcjUHJhfvWGAI59whRmSsuvYoXITJBTFjMwKvUiSEOEpGpOuRo58It1kfvzMOtXO0BoFQj+urLn7eyJBvpSx7+lOH6mJXK6l5n+1bqRGl25CeRgpwvFi0ShilgqsNAlrSAXBisUaEBZU32rhCRIIK51XQYfgLH95Fdq1qnNWrd2dl+rXWRx5OIYTKIMDF1CHW2hCCzDE8Ayv8GY8GS/Gu/GxaM0Z2UwR/sj4/AHA5ZOK</latexit>

F
<latexit sha1_base64="IE/Sk5NRXPPngbjIrq2IZUavvzc=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GuZRp+2uKIjLFuwD2qFk0kwbm8kMSUYoQ7/AjQtF3PpJ7vwb04egogcuHM65l3vvCRJGpbKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJJldzv3NPhKQxv1XThPgRGnEaUoyUlprXg2LJMh33ouJ50DI9q+a4riZVt+bVytA2rQVKYIXGoPjeH8Y4jQhXmCEpe7aVKD9DQlHMyKzQTyVJEJ6gEelpylFEpJ8tDp3BM60MYRgLXVzBhfp9IkORlNMo0J0RUmP525uLf3m9VIVVP6M8SRXheLkoTBlUMZx/DYdUEKzYVBOEBdW3QjxGAmGlsynoEL4+hf+TtmParuk0y6X65SqOPDgBp+Ac2KAC6uAGNEALYEDAA3gCz8ad8Wi8GK/L1pyxmjkGP2C8fQIfIY0p</latexit>

• Traditional Solid:

 (F s, Jg) =  s(F s) + g(Jg)

 g(Jg) =
1

2
�J(Jg � 1)2

<latexit sha1_base64="+75Z4x4yAhUqXmQQ7k4ZguSIhkA="></latexit>

Similar to compressible air

F
<latexit sha1_base64="IE/Sk5NRXPPngbjIrq2IZUavvzc=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GuZRp+2uKIjLFuwD2qFk0kwbm8kMSUYoQ7/AjQtF3PpJ7vwb04egogcuHM65l3vvCRJGpbKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBSYtHLNYdAMkCaOctBRVjHQTQVAUMNIJJldzv3NPhKQxv1XThPgRGnEaUoyUlprXg2LJMh33ouJ50DI9q+a4riZVt+bVytA2rQVKYIXGoPjeH8Y4jQhXmCEpe7aVKD9DQlHMyKzQTyVJEJ6gEelpylFEpJ8tDp3BM60MYRgLXVzBhfp9IkORlNMo0J0RUmP525uLf3m9VIVVP6M8SRXheLkoTBlUMZx/DYdUEKzYVBOEBdW3QjxGAmGlsynoEL4+hf+TtmParuk0y6X65SqOPDgBp+Ac2KAC6uAGNEALYEDAA3gCz8ad8Wi8GK/L1pyxmjkGP2C8fQIfIY0p</latexit>

J
<latexit sha1_base64="bMrtKMtATRFyXWgsbfJgxGiB5dQ=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQtIY2+yKbsRVC/YBbSiT6aQdO5mEmYlQQr/AjQtF3PpJ7vwbJ20FFT1w4XDOvdx7T5AwKpVlfRgrq2vrG5uFreL2zu7efungsC3jVGDSwjGLRTdAkjDKSUtRxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktNS8GZTKlum5btXxoGW6tarruTnxnJpzAW3TmqMMlmgMSu/9YYzTiHCFGZKyZ1uJ8jMkFMWMzIr9VJIE4QkakZ6mHEVE+tn80Bk81coQhrHQxRWcq98nMhRJOY0C3RkhNZa/vVz8y+ulKqz5GeVJqgjHi0VhyqCKYf41HFJBsGJTTRAWVN8K8RgJhJXOpqhD+PoU/k/aFdN2zErzvFy/XMZRAMfgBJwBG1RBHVyDBmgBDAh4AE/g2bgzHo0X43XRumIsZ47ADxhvn0KtjUE=</latexit>

• Solid with ghost matrix:

Half Lame’s first parameter

Arbitrary nonlinear hyper-elasticity supported: 
Fixed Corotated model [Stomakhin et al. 2012] 
Neo-Hookean model 
Saint Vernant-Kirchhoff model
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GOVERNING EQUATIONS (GENERAL)
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• Automatic MPM coupling is inherently restricted to sticky and no-slip interactions 
• To allow free-slip boundary conditions, we add velocity and pressure continuity for solid and fluid interfaces

• For any phase       (fluid or solid):k
<latexit sha1_base64="d6LBlrMOYEv9UF6sLljp6EhcWj4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPBS8eq9gPaEPZbDftks1u2N0IJfQfePGgiFf/kTf/jZs2B219MPB4b4aZeUHCmTau++2U1tY3NrfK25Wd3b39g+rhUUfLVBHaJpJL1QuwppwJ2jbMcNpLFMVxwGk3iG5zv/tElWZSPJppQv0YjwULGcHGSg9RZVituXV3DrRKvILUoEBrWP0ajCRJYyoM4Vjrvucmxs+wMoxwOqsMUk0TTCI8pn1LBY6p9rP5pTN0ZpURCqWyJQyaq78nMhxrPY0D2xljM9HLXi7+5/VTE177GRNJaqggi0VhypGRKH8bjZiixPCpJZgoZm9FZIIVJsaGk4fgLb+8SjqNundRb9xf1po3RRxlOIFTOAcPrqAJd9CCNhAI4Rle4c2JnBfn3flYtJacYuYY/sD5/AEGi40B</latexit>

Mass conservation

Momentum conservation

Free surface

Slip boundary

No-slip boundary

: gravity 
: outward normal 
: solid/fluid domain 
: density 
:velocity 
: Cauchy stress 

: free surface bc 
: slip bc 
: no-slip bc

g
nk

Ωk

ρk

vk

σk

b
vk

S
vk

NS
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GOVERNING EQUATIONS (SOLID)
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⇢s,nvs,n+1

�t
�r · �s,n+1 +rpg,n+1 =

⇢s,nvs,n

�t
+ ffs,n+1

r · vs,n+1 +
pg,n+1

�gJg,n�t
=

pg,n

�gJg,n�t
<latexit sha1_base64="EwmfBwL3bdF96tZL6F/uxeUTArg="></latexit>

Energy based solid-wall collision Strong coupling force exerted 
from the fluid to the solid

Solid

Ghost Matrix

• Solid and ghost matrix share velocity 

• Coupling force is along normal direction 

vs = vg
<latexit sha1_base64="OEZ+atBWrXqQc7n2tylCIx/z2Zc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFeyHtNuSTbNtaJJdkmyhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN3N/OaYKs0i+WgmMfUFHkgWMoKNlZ7GXY1u0Lg76BVLbtmdA60SLyMlyFDrFb86/YgkgkpDONa67bmx8VOsDCOcTgudRNMYkxEe0LalEguq/XR+8BSdWaWPwkjZkgbN1d8TKRZaT0RgOwU2Q73szcT/vHZiwms/ZTJODJVksShMODIRmn2P+kxRYvjEEkwUs7ciMsQKE2MzKtgQvOWXV0mjUvYuypWHy1L1NosjDydwCufgwRVU4R5qUAcCAp7hFd4c5bw4787HojXnZDPH8AfO5w/v+I/X</latexit>

ffs,n+1 = hn+1ns,n
<latexit sha1_base64="ag/YVdEgI9xurNmM8dyjRWXqkkM=">AAACBXicbZDLSsNAFIZP6q3WW9SlLoJFEJSSVEE3QtGNywr2Am0aJtNJO3QyCTMToYRs3Pgqblwo4tZ3cOfbOGm70OoPAx//OYcz5/djRqWy7S+jsLC4tLxSXC2trW9sbpnbO00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+aPrvN66J0LSiN+pcUzcEA04DShGSlueuR/00sBL5Qk/drLscthLc+C93Mk8s2xX7Imsv+DMoAwz1T3zs9uPcBISrjBDUnYcO1ZuioSimJGs1E0kiREeoQHpaOQoJNJNJ1dk1qF2+lYQCf24sibuz4kUhVKOQ193hkgN5XwtN/+rdRIVXLgp5XGiCMfTRUHCLBVZeSRWnwqCFRtrQFhQ/VcLD5FAWOngSjoEZ/7kv9CsVpzTSvX2rFy7msVRhD04gCNw4BxqcAN1aACGB3iCF3g1Ho1n4814n7YWjNnMLvyS8fEN/bqYPw==</latexit>
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SPLITTING SOLVE
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⇢s,nvs,⇤

�t
�r · �s,⇤ =

⇢s,nvs,n

�t
<latexit sha1_base64="z/S9N9TeWmvc+CwFzXWOH3IdNtg="></latexit>

vs,n

ps,n

vf,n

pf,n
<latexit sha1_base64="u7Pw/boUTKW5shFkDdxyg6Ve2Ew=">AAACEXicbZDLSsNAFIZPvNZ4q7p0M1iELqQkVbDLghuXFewFmlom00k7dDIJM5NCCX0FN76KGxeKuHXnzrdx0haqrT8MfPznHM6c3485U9pxvq219Y3Nre3cjr27t39wmD86bqgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH95k9eaISsUica/HMe2EuC9YwAjWxurmi6OHVF2ICfI8O16gcYOFm2E3X3BKzlRoFdw5FGCuWjf/5fUikoRUaMKxUm3XiXUnxVIzwunE9hJFY0yGuE/bBgUOqeqk04sm6Nw4PRRE0jyh0dT9PZHiUKlx6JvOEOuBWq5l5n+1dqKDSidlIk40FWS2KEg40hHK4kE9JinRfGwAE8nMXxEZYImJNiHaJgR3+eRVaJRL7mWpfHdVqFbmceTgFM6gCC5cQxVuoQZ1IPAIz/AKb9aT9WK9Wx+z1jVrPnMCf2R9/gBuAJwZ</latexit>

vs,n+1

ps,n+1

vf,n+1

pf,n+1
<latexit sha1_base64="hYqPXE8I6r0qyo2JFbzasCFw3kA=">AAACGXicbVDLSgMxFL1TX3V8jbp0EyyCoJSZKthlwY3LCvYB7VgyaaYNzWSGJFMoQ3/Djb/ixoUiLnXl35g+FrX1QODcc+7l5p4g4Uxp1/2xcmvrG5tb+W17Z3dv/8A5PKqrOJWE1kjMY9kMsKKcCVrTTHPaTCTFUcBpIxjcTvzGkErFYvGgRwn1I9wTLGQEayN1HHf4mKlLceGNUbttJ4uFccJFZ1Z0nIJbdKdAq8SbkwLMUe04X+1uTNKICk04VqrluYn2Myw1I5yO7XaqaILJAPdoy1CBI6r8bHrZGJ0ZpYvCWJonNJqqixMZjpQaRYHpjLDuq2VvIv7ntVIdlv2MiSTVVJDZojDlSMdoEhPqMkmJ5iNDMJHM/BWRPpaYaBOmbULwlk9eJfVS0bsqlu6vC5XyPI48nMApnIMHN1CBO6hCDQg8wQu8wbv1bL1aH9bnrDVnzWeO4Q+s718kBp3Z</latexit>

Nonlinear

vs,n⇤
<latexit sha1_base64="jrTelfpeptVYUHz0pTYmmh3kK+w=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRZBRMpuFeyx4MVjBfsB7VqyabYNzSZrki2UpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hbmt8ZUaSbFg5nE1I/wQLCQEWys1B4/pvpSXEx7xZJbdudAq8TLSAky1HvFr25fkiSiwhCOte54bmz8FCvDCKfTQjfRNMZkhAe0Y6nAEdV+Or93is6s0kehVLaEQXP190SKI60nUWA7I2yGetmbif95ncSEVT9lIk4MFWSxKEw4MhLNnkd9pigxfGIJJorZWxEZYoWJsREVbAje8surpFkpe1flyv11qVbN4sjDCZzCOXhwAzW4gzo0gACHZ3iFN+fJeXHenY9Fa87JZo7hD5zPH80Nj8c=</latexit>

LinearNonlinear

• Fully nonlinear Newton solve

⇢s,nvs,n+1

�t
+rpg,n+1 � hn+1ns,n =

⇢s,nvs,⇤

�t
<latexit sha1_base64="iZY+qTZm2TfuanyH4RdllTC3pmA="></latexit>

• Linear system coupled with fluid 
• Solve pressure first and substitute 

them back

Inspired by [Teng et.al 2016]
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GOVERNING EQUATIONS (FLUID)
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⇢fvf,n+1

�t
+rpf,n+1 =

⇢fvf,n

�t
+ fsf,n+1 + fw,n+1

r · vf,n+1 = 0
<latexit sha1_base64="nscFAUzoS/jsU+dH9z3T74g7DjQ="></latexit>

Divergence free condition

Density does not change over time 
for incompressible fluid

Fluid
• Fluid touches slip boundary walls by constraints 

• Coupling force is also along normal direction 
• Incompressibility is assuming that 

vf,n+1|@⌦f
S
· nf = vfS

<latexit sha1_base64="vzP+V5gt3K7xQZDzm1vNz68E7ME=">AAACGHicbVDLSsNAFJ3UV62vqks3g0UQlJpUQTdC0Y07K9oHNGmYTCft0MkkzEwKJfYz3Pgrblwo4rY7/8ZJm4VWDwyce8693LnHixiVyjS/jNzC4tLySn61sLa+sblV3N5pyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXKd+c0iEpCF/UKOIOAHqcepTjJSW3OLJsJP4x/zIGj+6iR0hoShi0L4NSA+59x1/bONuqCDv+JfDtHaLJbNsTgH/EisjJZCh5hYndjfEcUC4wgxJ2bbMSDlJuggzMi7YsSQRwgPUI21NOQqIdJLpYWN4oJUu9EOhH1dwqv6cSFAg5SjwdGeAVF/Oe6n4n9eOlX/hJJRHsSIczxb5MYMqhGlKsEsFwYqNNEFYUP1XiPtIIKx0lgUdgjV/8l/SqJSt03Ll7qxUvcriyIM9sA8OgQXOQRXcgBqoAwyewAt4A+/Gs/FqfBifs9ackc3sgl8wJt+mSqAl</latexit>

� = 1
<latexit sha1_base64="QaH5lJSQ6CKKM9hbXGHdFolQGdw=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaQKuhGKblxWsA9oQplMJu3QySTMTAoh9E/cuFDErX/izr9x2mahrQcGDuecy71zgpQzpR3n21pb39jc2q7sVHf39g8O7aPjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8f3M706oVCwRTzpPqR/joWARI1gbaWDbHjfhEKNb5DER6Xxg15y6MwdaJW5JalCiNbC/vDAhWUyFJhwr1XedVPsFlpoRTqdVL1M0xWSMh7RvqMAxVX4xv3yKzo0SoiiR5gmN5urviQLHSuVxYJIx1iO17M3E/7x+pqMbv2AizTQVZLEoyjjSCZrVgEImKdE8NwQTycytiIywxESbsqqmBHf5y6uk06i7l/XG41WteVfWUYFTOIMLcOEamvAALWgDgQk8wyu8WYX1Yr1bH4vomlXOnMAfWJ8/tY+TDw==</latexit>
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Test function Integration domain

Solid Solid Solid-fluid 
interface

Solid

WEAK FORM

13

Z

⌦s

⇢s,nqs · vs,n+1

�t
dx+

Z

⌦s

qs ·rpg,n+1dx�
Z

�
qs · ns,nhn+1ds =

Z

⌦s

⇢s,nqs · vs,⇤

�t
dx

<latexit sha1_base64="TwWv4n+fEa0bh5WlvaID0OsextQ="></latexit>

⇢s,nvs,n+1

�t
+rpg,n+1 � hn+1ns,n =

⇢s,nvs,⇤

�t
<latexit sha1_base64="iZY+qTZm2TfuanyH4RdllTC3pmA="></latexit>

Governing 
equation

Weak form

Unknown variables
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Continuous variables Discretized variables Order

DISCRETIZATION I

14

Weak form

Discretization 
on variables

Z

⌦s

⇢s,nqs · vs,n+1

�t
dx+

Z

⌦s

qs ·rpg,n+1dx�
Z

�
qs · ns,nhn+1ds =

Z

⌦s

⇢s,nqs · vs,⇤

�t
dx

<latexit sha1_base64="TwWv4n+fEa0bh5WlvaID0OsextQ="></latexit>

vs,{n,n+1}(x) =
X

i

vs,{n,n+1}
i Ns,2

i (x)
<latexit sha1_base64="OXeV5+GohTYqkTJlAS8Kqngbhc4=">AAACJHicbVBLSwMxGMzWV62vVY9egkWpWMpuFSyIUPDiSSrYB3Trkk3TNjSbXZJssSz7Y7z4V7x48IEHL/4W08fBtg4EJjPzkXzjhYxKZVnfRmppeWV1Lb2e2djc2t4xd/dqMogEJlUcsEA0PCQJo5xUFVWMNEJBkO8xUvf61yO/PiBC0oDfq2FIWj7qctqhGCktuebl4CGWeSfmeX5qO0mSezyBx1fQkZHvUjhw6awNb0f3YuJSHXTNrFWwxoCLxJ6SLJii4pofTjvAkU+4wgxJ2bStULViJBTFjCQZJ5IkRLiPuqSpKUc+ka14vGQCj7TShp1A6MMVHKt/J2LkSzn0PZ30kerJeW8k/uc1I9UptWLKw0gRjicPdSIGVQBHjcE2FQQrNtQEYUH1XyHuIYGw0r1mdAn2/MqLpFYs2GeF4t15tlya1pEGB+AQ5IANLkAZ3IAKqAIMnsALeAPvxrPxanwaX5NoypjO7IMZGD+/lxyi5A==</latexit>

qs(x) =
X

j

qsjN
s,2
j (x)

<latexit sha1_base64="dPR+zR3F0FspD5kqEf3bpD3W8U0=">AAACDHicbVDNSgMxGMz6W+tf1aOXYFEqSNmtgr0IBS+epIL9gXa7ZNO0TZtk1yQrlqUP4MVX8eJBEa8+gDffxrTdg7YOJAwz85F844eMKm3b39bC4tLyympqLb2+sbm1ndnZraogkphUcMACWfeRIowKUtFUM1IPJUHcZ6TmDy7Hfu2eSEUDcauHIXE56graoRhpI3mZ7F1L5R6O4dEFbKqIe31oBHNft2J1Uhh5fWOalJ23J4DzxElIFiQoe5mvZjvAESdCY4aUajh2qN0YSU0xI6N0M1IkRHiAuqRhqECcKDeeLDOCh0Zpw04gzREaTtTfEzHiSg25b5Ic6Z6a9cbif14j0p2iG1MRRpoIPH2oEzGoAzhuBrapJFizoSEIS2r+CnEPSYS16S9tSnBmV54n1ULeOc0Xbs6ypWJSRwrsgwOQAw44ByVwBcqgAjB4BM/gFbxZT9aL9W59TKMLVjKzB/7A+vwBuoaZfQ==</latexit>

Continuous variables
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DISCRETIZATION I
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MPM Limitation Solid velocity order ≥ 1

Stability Limitation velocity order > pressure order
• Prevent kinetic locking 
• Satisfy inf-sup stability 
• Avoid null space in velocity-pressure system 

• Prevent the cell-crossing instability 
• Use B-spline to eliminate nonnegative cases

Computational Limitation Any order ≤ 2
• Reduce kernel size and achieve efficiency
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DISCRETIZATION I
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(a) B2B1-B1-B2B1 (b) B2B0-B0-B1B0

B{vs}B{ps}�B{h}�B{vf}B{pf}
<latexit sha1_base64="tvdXid/i5Yk9iSBl6kJo23eFpVI=">AAACEXicbVDLSsNAFL3xWesr6tJNsAjdWJIq2GXRjcsK9gFNWibTSTt0Mgkzk0IJ/QU3/oobF4q4defOv3HSZqGtF4ZzOOde7tzjx4xKZdvfxtr6xubWdmGnuLu3f3BoHh23ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2PbzO/PSFC0og/qGlMvBANOQ0oRkpLfbN846aTnnRnGuMMLzQZLWDSC3JdY98s2RV7XtYqcXJSgr waffPLHUQ4CQlXmCEpu44dKy9FQlHMyKzoJpLECI/RkHQ15Sgk0kvnF82sc60MrCAS+nFlzdXfEykKpZyGvu4MkRrJZS8T//O6iQpqXkp5nCjC8WJRkDBLRVYWjzWggmDFppogLKj+q4VHSCCsdIhFHYKzfPIqaVUrzmWlen9VqtfyOApwCmdQBgeuoQ530IAmYHiEZ3iFN+PJeDHejY9F65qRz5zAnzI+fwDjxZ2n</latexit>

B2B1�B1�B2B1
<latexit sha1_base64="4HMIIgp8xueCMhFRnZfVwna8+WY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgxjJTBbssdeOygn1AO5RMmmlDM5mQZIQy9DfcuFDErT/jzr8x085CWw8J93DOveTmBJIzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4TRWibxDxWvQBrypmgbcMMpz2pKI4CTrvB9C7zu09UaRaLRzOT1I/wWLCQEWysNGjWmt5Vdmwdlitu1V0ArRMvJxXI0RqWvwajmCQRFYZwrHXfc6XxU6wMI5zOS4NEU4nJFI9p31KBI6r9dLHzHF1YZYTCWNkrDFqovydSHGk9iwLbGWEz0ateJv7n9RMT1v2UCZkYKsjyoTDhyMQoCwCNmKLE8JklmChmd0VkghUmxsZUsiF4q19eJ51a1buu1h5uKo16HkcRzuAcLsGDW2jAPbSgDQQkPMMrvDmJ8+K8Ox/L1oKTz5zCHzifP8aWj4c=</latexit>

B2B0�B0�B1B0
<latexit sha1_base64="Goy9VTdFP2z1+9zURx0CercXFuA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgxjJTBbssdeOygn1AO5RMmmlDM5mQZIQy9DfcuFDErT/jzr8x085CWw/3wuGce8nNCSRn2rjut1PY2Nza3inulvb2Dw6PyscnHR0nitA2iXmsegHWlDNB24YZTntSURwFnHaD6V3md5+o0iwWj2YmqR/hsWAhI9hYadCsNd2rrLymOyxX3Kq7AFonXk4qkKM1LH8NRjFJIioM4VjrvudK46dYGUY4nZcGiaYSkyke076lAkdU++ni5jm6sMoIhbGyLQxaqL83UhxpPYsCOxlhM9GrXib+5/UTE9b9lAmZGCrI8qEw4cjEKAsAjZiixPCZJZgoZm9FZIIVJsbGVLIheKtfXiedWtW7rtYebiqNeh5HEc7gHC7Bg1towD20oA0EJDzDK7w5ifPivDsfy9GCk++cwh84nz/Ad4+D</latexit>

Solid’s velocity and pressure order

Solid-fluid coupling pressure order

Fluid's velocity and pressure order
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DISCRETIZATION II
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Weak form

Discretization 
on integrations

Z

⌦s

⇢s,nqs · vs,n+1

�t
dx+

Z

⌦s

qs ·rpg,n+1dx�
Z

�
qs · ns,nhn+1ds =

Z

⌦s

⇢s,nqs · vs,⇤

�t
dx

<latexit sha1_base64="TwWv4n+fEa0bh5WlvaID0OsextQ="></latexit>

Continuous integrations

Z

⌦s

⇢s,nNs,2
i (x)dx =

X

p

ms
pN

s,2
i (xp)

<latexit sha1_base64="qlNLnmZhmAEu/zvA2HnzDF6I/d4="></latexit>

For solid (MPM), 

For fluid, ?
Particles quadrature
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DISCRETIZATION II
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Methods Efficiency Accuracy DoF consistency

Particles quadrature Good Bad Bad

Cut cell + 
analytical integration Bad Good Bad

Interface quadrature Good Good Good

solid particle

!uid particle

interface search radius

oriented interface quadrature

interface !uid volume quadrature

Solid particle quadrature

Fluid particle quadrature

Full !uid element
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GHOST MATRIX UPDATE
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Jg
<latexit sha1_base64="b4WflGCFrxs6AHKHBrTWazm+o6w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqYI8FL+Kpgq2FNpbNdtMu3d2E3YlQSv+CFw+KePUPefPfmLQ5aOuDgcd7M8zMC2IpLLrut1NYW9/Y3Cpul3Z29/YPyodHbRslhvEWi2RkOgG1XArNWyhQ8k5sOFWB5A/B+DrzH564sSLS9ziJua/oUItQMIqZdPs4LPXLFbfqzkFWiZeTCuRo9stfvUHEEsU1Mkmt7XpujP6UGhRM8lmpl1geUzamQ95NqaaKW386v3VGzlJlQMLIpKWRzNXfE1OqrJ2oIO1UFEd22cvE/7xugmHdnwodJ8g1WywKE0kwItnjZCAMZygnKaHMiPRWwkbUUIZpPFkI3vLLq6Rdq3oX1drdZaVRz+Mowgmcwjl4cAUNuIEmtIDBCJ7hFd4c5bw4787HorXg5DPH8AfO5w9JWo21</latexit>

B2B1-B1-B2B1

• Discontinuous pressure and high order 
velocity in inconsistency 

• Derived from weak form

B2B0-B0-B1B0

Jg,n+1 = det(F s,n+1)
<latexit sha1_base64="OuBLvIJKJZ0WtWSnRncPRRLjGYI="></latexit>

ps,n+1 = ��(Jg,n+1 � 1)
<latexit sha1_base64="i6czblJyIScBHC9zcw+uio27l2s="></latexit>

Jg,n+1
p = (1 +�t(r · vn+1)(xp))J

g,n
p

<latexit sha1_base64="Ua+DgqBhwLV0c3CWBWw+dqPc2HE="></latexit>

All tests under B2B0-B0-B1B0

ps,n+1 = ��(Jg,n+1 � 1)
<latexit sha1_base64="i6czblJyIScBHC9zcw+uio27l2s="></latexit>
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MORE RESULTS



Density = 200 kg/m3 Density = 700 kg/m3 Density = 1200 kg/m3
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THANK YOU! 


