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Contacts in Real-life
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Fabrication
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Animation 5
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3D Modeling



Mapping
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[Li et al. 2018]



[Jiang et al. 2017] [Schüller et al. 2013]

[Schüller et al. 2013, Smith and Schaefer 2015, Kovalsky et al. 2016, Jiang et al. 2017, Zhu et al. 2018, Su et al. 2020, …]

Prior Work 2D
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Iterative Contact Processing Methods

[Brochu and Bridson 2009] [Harmon et al. 2011]

[Jiang et al. 2017]

Iterative Contact Processing Failure (intersection)

9



Scaffolding Methods
[Müller et al. 2015, Jiang et al. 2017]

Locking behavior:

Scaffolding Framework [Jiang et al. 2017] result.
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Scaffolding:
Primary Mesh:



Energy: Ed(x, x̄) =
X

t2T

vt (Ft)
<latexit sha1_base64="4jx1VSsFIvexvesbX6Wtu1KMnVs="></latexit>

Neo-Hookean:

Symmetric Dirichlet:

E =
µ

2
(|�|2 � 3)� (µ� �

2
log(�1�2�3))⇥ log(�1�2�3)

<latexit sha1_base64="hPO3G9AWjGn6l5KWChkztEn3rB8="></latexit>
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1
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1
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)

<latexit sha1_base64="S3qJ/u8nWq+WciNFqvWcuqmywoQ=">AAACTHicbZDNSwJBGMZnrczsy+rYZUkCQ5DdNahLIEXQ0SA/wDV5d5zVwdkPZmYDWfYP7NKhW39Flw5FBI26RakPDDw8v/dlZh4nZFRIw3jRMiura9n13EZ+c2t7Z7ewt98UQcQxaeCABbztgCCM+qQhqWSkHXICnsNIyxldTXjrgXBBA/9OjkPS9WDgU5dikCrqFfD1hT2CMISSLejAg555b5VtlwOOzST+yZJy6qwl1Pql1SW0mpz0CkWjYkylLxozNUWUqt4rPNv9AEce8SVmIETHNELZjYFLihlJ8nYkSAh4BAPSUdYHj4huPC0j0Y9V0tfdgKvjS32a/t2IwRNi7Dlq0gM5FPNsEi5jnUi6592Y+mEkiY9nF7kR02WgT5rV+5QTLNlYGcCcqrfqeAiqDan6z6sSzPkvL5qmVTGrFev2tFi7TOvIoUN0hErIRGeohm5QHTUQRo/oFb2jD+1Je9M+ta/ZaEZLdw7QP2Wy32qWs5A=</latexit>

SVD

Neo-Hookean:Neo-Hookean:Neo-Hookean:

Problem

tetrahedra
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t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit>

Ed(x, x̄) =
X

t2T

vt (Ft)
<latexit sha1_base64="4jx1VSsFIvexvesbX6Wtu1KMnVs="></latexit>

t0
<latexit sha1_base64="cvJ/Uwr4+JxEUuTXPC/rNcTy+z8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+y7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwVijZ8=</latexit>

Deformation 
Gradient

11

x⇤ = argmin
x

Ex̄(x)
<latexit sha1_base64="pTpcnA8JmrY+U3eA8MlTPh+I6MI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRqouSVEE3QlEElxXsBZoYJtNpO3QyCTMTaQlZu/FV3LhQxK1P4M63cdpmoa0/DHz85xzOnN+PGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q+uxvXmAxGShvxOjSLiBqjHaZdipLTlmfvD+2N4AR0kek5AuZcMU3jtJY6PhMa0NDzyzKJVtiaC82BnUASZap755XRCHAeEK8yQlG3bipSbIKEoZiQtOLEkEcID1CNtjRwFRLrJ5JQUHmqnA7uh0I8rOHF/TyQokHIU+LozQKovZ2tj879aO1bdczehPIoV4Xi6qBszqEI4zgV2qCBYsZEGhAXVf4W4jwTCSqdX0CHYsyfPQ6NStk/KldvTYvUyiyMP9sABKAEbnIEquAE1UAcYPIJn8ArejCfjxXg3PqatOSOb2QV/ZHz+AEGsmgE=</latexit>



All Pairs (those far away contributes zero)
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B(x) = 
X

i2C

b(di(x), d̂)
<latexit sha1_base64="V01RM9JRsW/ao5wXg3zUJLfTxso=">AAACGXicbVDLSgMxFM34rPVVdekmWIQWpMxUQTdCaTcuK9gHdEq5k0nb0ExmSDJiGeY33Pgrblwo4lJX/o3pY6GtBwIn55xLco8Xcaa0bX9bK6tr6xubma3s9s7u3n7u4LCpwlgS2iAhD2XbA0U5E7Shmea0HUkKgcdpyxvVJn7rnkrFQnGnxxHtBjAQrM8IaCP1cna18FC8xu4Iogiwq+KglzDsMoFrKfYKvrmlJnGG3SHoxE+LvVzeLtlT4GXizEkezVHv5T5dPyRxQIUmHJTqOHakuwlIzQinadaNFY2AjGBAO4YKCKjqJtPNUnxqFB/3Q2mO0Hiq/p5IIFBqHHgmGYAeqkVvIv7ndWLdv+omTESxpoLMHurHHOsQT2rCPpOUaD42BIhk5q+YDEEC0abMrCnBWVx5mTTLJee8VL69yFeq8zoy6BidoAJy0CWqoBtURw1E0CN6Rq/ozXqyXqx362MWXbHmM0foD6yvH1YWnqg=</latexit>

is C2 Continuous

may be C0 continuous (Edge-Edge case), mollification is introduced!

b()
<latexit sha1_base64="W1SSt1zB37SlGpB/jPJXlUDR2vw=">AAAB6nicdVDJSgNBEK1xjXGLevTSGIR4GWaik+UW9OIxolkgGUJPpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUkEFX1Q8Hiviqp6XsyZVJb1Yaysrq1vbOa28ts7u3v7hYPDtowSQWiLRDwSXQ9LyllIW4opTruxoDjwOO14k6u537mnQrIovFPTmLoBHoXMZwQrLd16pbNBoWiZTq3uVCsoI5VafUEcp4ps08pQhCWag8J7fxiRJKChIhxL2bOtWLkpFooRTmf5fiJpjMkEj2hP0xAHVLppduoMnWpliPxI6AoVytTvEykOpJwGnu4MsBrL395c/MvrJcqvuSkL40TRkCwW+QlHKkLzv9GQCUoUn2qCiWD6VkTGWGCidDp5HcLXp+h/0i6b9rlZvrkoNi6XceTgGE6gBDZUoQHX0IQWEBjBAzzBs8GNR+PFeF20rhjLmSP4AePtEz9Ajcs=</latexit>

d()
<latexit sha1_base64="OqeBUGqRKzJaKg4/wsqWoMEi1hM=">AAAB6nicdVDJSgNBEK1xjXGLevTSGIR4GSbRyXILevEY0SyQDKGnpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUkEFX1Q8Hiviqp6bsyZVJb1Yaysrq1vbOa28ts7u3v7hYPDjowSQWibRDwSPRdLyllI24opTnuxoDhwOe26k6u5372nQrIovFPTmDoBHoXMZwQrLd16pbNhoWiZdr1h16ooI9V6Y0Fsu4bKppWhCEu0hoX3gReRJKChIhxL2S9bsXJSLBQjnM7yg0TSGJMJHtG+piEOqHTS7NQZOtWKh/xI6AoVytTvEykOpJwGru4MsBrL395c/MvrJ8qvOykL40TRkCwW+QlHKkLzv5HHBCWKTzXBRDB9KyJjLDBROp28DuHrU/Q/6VTM8rlZubkoNi+XceTgGE6gBGWoQROuoQVtIDCCB3iCZ4Mbj8aL8bpoXTGWM0fwA8bbJ0JMjc0=</latexit>

b(d, d̂) =

(
�(d� d̂)2 ln

⇣
d
d̂

⌘
, 0 < d < d̂

0 d � d̂
<latexit sha1_base64="/nDaWWO4QMHOUgiWo5kLJtVn8O0="></latexit>

IPC Barrier Energy

IPC Barrier:

x⇤ = argmin
x

Ex̄(x)
<latexit sha1_base64="pTpcnA8JmrY+U3eA8MlTPh+I6MI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRqouSVEE3QlEElxXsBZoYJtNpO3QyCTMTaQlZu/FV3LhQxK1P4M63cdpmoa0/DHz85xzOnN+PGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q+uxvXmAxGShvxOjSLiBqjHaZdipLTlmfvD+2N4AR0kek5AuZcMU3jtJY6PhMa0NDzyzKJVtiaC82BnUASZap755XRCHAeEK8yQlG3bipSbIKEoZiQtOLEkEcID1CNtjRwFRLrJ5JQUHmqnA7uh0I8rOHF/TyQokHIU+LozQKovZ2tj879aO1bdczehPIoV4Xi6qBszqEI4zgV2qCBYsZEGhAXVf4W4jwTCSqdX0CHYsyfPQ6NStk/KldvTYvUyiyMP9sABKAEbnIEquAE1UAcYPIJn8ArejCfjxXg3PqatOSOb2QV/ZHz+AEGsmgE=</latexit>
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x1
<latexit sha1_base64="HmxbFrQZEysmHC+wo8Ir2vCEJlQ=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7unB6xZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9C/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlSu356XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AC3mNow==</latexit> xt

<latexit sha1_base64="fcoDibt+v2vZvXdlnncr9f9Extk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08P2C2W3LI7A1kmXkZKkKHWLX51ehFLQq6QSWpM23Nj9FOqUTDJJ4VOYnhM2YgOeNtSRUNu/HR26oScWKVH+pG2pZDM1N8TKQ2NGYeB7QwpDs2iNxX/89oJ9i/9VKg4Qa7YfFE/kQQjMv2b9ITmDOXYEsq0sLcSNqSaMrTpFGwI3uLLy6RRKXtn5crteal6lcWRhyM4hlPw4AKqcAM1qAODATzDK7w50nlx3p2PeWvOyWYO4Q+czx9xBY3m</latexit>

xt+1
<latexit sha1_base64="u5nD7FA+g0PV3s/c/etSL9DlTuw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3CnoMevEYwTwgiWF2MpsMmZ1dZnrFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7/FgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnplk8Nl0LxOgqUvBVrTkNf8qY/upn6zUeujYjUPY5j3g3pQIlAMIpWaj49pHjmTXrFklt2ZyDLxMtICTLUesWvTj9iScgVMkmNaXtujN2UahRM8kmhkxgeUzaiA962VNGQm246O3dCTqzSJ0GkbSkkM/X3REpDY8ahbztDikOz6E3F/7x2gsFVNxUqTpArNl8UJJJgRKa/k77QnKEcW0KZFvZWwoZUU4Y2oYINwVt8eZk0KmXvvFy5uyhVr7M48nAEx3AKHlxCFW6hBnVgMIJneIU3J3ZenHfnY96ac7KZQ/gD5/MHD1WPYg==</latexit>

… …x2
<latexit sha1_base64="kzYVL5WjSOjUBrkTxyNhM1jRFqs=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwODUyYnd3MzBrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1FpHsl7M47RD+lA8j5n1Fjp7umh0i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/6KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1duz0vVqyyOPBzBMZyCBxdQhRuoQR0YDOAZXuHNEc6L8+58zFtzTjZzCH/gfP4ADP2NpA==</latexit>

Artificial Time Stepping

x0
<latexit sha1_base64="bp7Rd66Sl/SFfmR26ec4LGI8ZCU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwOA0yYnd3M9BrJhk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+ci1EZG6x3HM/ZAOlOgLRtFKd08PbrdYcsvuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/0U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5NGpeydlSu356XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmSOfFeXc+5q05J5s5hD9wPn8ACfWNog==</latexit> x⇤

<latexit sha1_base64="jnMY0T6KnzJdaKDPvvumscr85XM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iNgh6DXjxGNA9I1jA76SRDZmeXmVkxLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbATD64nfeESleSTvzShGP6R9yXucUWOlu6eH006h6JbcKcgi8TJShAzVTuGr3Y1YEqI0TFCtW54bGz+lynAmcJxvJxpjyoa0jy1LJQ1R++n01DE5tkqX9CJlSxoyVX9PpDTUehQGtjOkZqDnvYn4n9dKTO/ST7mME4OSzRb1EkFMRCZ/ky5XyIwYWUKZ4vZWwgZUUWZsOnkbgjf/8iKpl0veWal8e16sXGVx5OAQjuAEPLiACtxAFWrAoA/P8ApvjnBenHfnY9a65GQzB/AHzucPAN2NnA==</latexit>

Directly Minimize

x⇤ = argmin
x

Ex̄(x)
<latexit sha1_base64="pTpcnA8JmrY+U3eA8MlTPh+I6MI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgRqouSVEE3QlEElxXsBZoYJtNpO3QyCTMTaQlZu/FV3LhQxK1P4M63cdpmoa0/DHz85xzOnN+PGJXKsr6N3MLi0vJKfrWwtr6xuWVu7zRkGAtM6jhkoWj5SBJGOakrqhhpRYKgwGek6Q+uxvXmAxGShvxOjSLiBqjHaZdipLTlmfvD+2N4AR0kek5AuZcMU3jtJY6PhMa0NDzyzKJVtiaC82BnUASZap755XRCHAeEK8yQlG3bipSbIKEoZiQtOLEkEcID1CNtjRwFRLrJ5JQUHmqnA7uh0I8rOHF/TyQokHIU+LozQKovZ2tj879aO1bdczehPIoV4Xi6qBszqEI4zgV2qCBYsZEGhAXVf4W4jwTCSqdX0CHYsyfPQ6NStk/KldvTYvUyiyMP9sABKAEbnIEquAE1UAcYPIJn8ArejCfjxXg3PqatOSOb2QV/ZHz+AEGsmgE=</latexit>

Artificial step size

Mass matrix

Mẋ = �rE(x)
<latexit sha1_base64="WKufTX71PFEboWV8Bey/frMh3vQ=">AAACAnicbVDLSgMxFM3UV62vqitxEyxCXVhmqqAboSiCG6GCfUBbSibNtKGZzJDckZahuPFX3LhQxK1f4c6/MW1noa0HLhzOuTe597ih4Bps+9tKLSwuLa+kVzNr6xubW9ntnaoOIkVZhQYiUHWXaCa4ZBXgIFg9VIz4rmA1t3819msPTGkeyHsYhqzlk67kHqcEjNTO7t3iZieAeDDCF/gYNyVxBcHX+cFRO5uzC/YEeJ44CcmhBOV29su8RCOfSaCCaN1w7BBaMVHAqWCjTDPSLCS0T7qsYagkPtOteHLCCB8apYO9QJmSgCfq74mY+FoPfdd0+gR6etYbi/95jQi881bMZRgBk3T6kRcJDAEe54E7XDEKYmgIoYqbXTHtEUUomNQyJgRn9uR5Ui0WnJNC8e40V7pM4kijfXSA8shBZ6iEblAZVRBFj+gZvaI368l6sd6tj2lrykpmdtEfWJ8/Xz6Vew==</latexit>

to progressively optimizeTime step

xt+1 = argmin
x

1

2
kx� xtk2M + hE

�
x, x̄, u(t)

�
<latexit sha1_base64="4M8nyKLGy5a7zQa/qB0yQ+ARP6g="></latexit>

Time discretization (implicit Euler):



IDP IDP SCAF [Jiang et al. 2017]

Scaffolding Comparison
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SCAF [Jiang et al. 2017]
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Goal:  a set of positionally constrained 

Satisfy moving Dirichlet boundary condition

B ⇢ [1, n]
<latexit sha1_base64="L2pbSwsBvlla3p5EkHRm5hMVk0Q=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPEhJqqDHUi8eK9gPaELZbKft0s0m7G6EEooX/4oXD4p49Vd489+4aXPQ1gcDj/dmmJkXxJwp7TjfVmFldW19o7hZ2tre2d2z9w9aKkokhSaNeCQ7AVHAmYCmZppDJ5ZAwoBDOxjfZH77AaRikbjXkxj8kAwFGzBKtJF69pEXEj2ihKf1KfZUEijQuOueC79nl52KMwNeJm5OyihHo2d/ef2IJiEITTlRqus6sfZTIjWjHKYlL1EQEzomQ+gaKkgIyk9nL0zxqVH6eBBJU0Ljmfp7IiWhUpMwMJ3ZwWrRy8T/vG6iB9d+ykScaBB0vmiQcKwjnOWB+0wC1XxiCKGSmVsxHRFJqDaplUwI7uLLy6RVrbgXlerdZblWz+MoomN0gs6Qi65QDd2iBmoiih7RM3pFb9aT9WK9Wx/z1oKVzxyiP7A+fwByuZbO</latexit>

xk = x̃k, k 2 B
<latexit sha1_base64="ZRy8JQafjqj9ICUA8khYB72yEr8=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgQkpSBd0opW5cVrAPaEKYTKftkMkkzEykJfQL3Pgrblwo4ta1O//GSZuFth64cDjnXu69x48Zlcqyvo3Cyura+kZxs7S1vbO7Z+4ftGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6TjBzeZ33kgQtKI36tJTNwQDTkdUIyUljyzMvaCK0dR1ifpeOoFp9C5hgF0KIdOiNQII5Y2pp5ZtqrWDHCZ2DkpgxxNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMi05iSQxwgEakp6mHIVEuunsnSmsaKUPB5HQxRWcqb8nUhRKOQl93ZmdKBe9TPzP6yVqcOmmlMeJIhzPFw0SBlUEs2xgnwqCFZtogrCg+laIR0ggrHSCJR2CvfjyMmnXqvZZtXZ3Xq438jiK4AgcgxNggwtQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH0Uqm5w=</latexit>

Penalty term: P (x, t) =
B

2
mkkxk � x̃t+1

k k2
<latexit sha1_base64="qN+OLkdHuCu4tsrfKz7NsP4hhkg="></latexit>

Time-Varying Boundary Conditions

Solver with moving BC

Solve

Solve

Solution: Solver with static BC
While ||xk � x̃t+1

k ||1 > 10�6
<latexit sha1_base64="Pu6NucWUM+iQ7RpHKl7j6JqMOHc=">AAACE3icbVDLSsNAFJ34rPVVdekmWARRWpIq6kqKblxWsA/oI0ymk3boZBJmbqQlzT+48VfcuFDErRt3/o3Tx0JbD1w4nHMv997jhpwpsKxvY2FxaXllNbWWXt/Y3NrO7OxWVBBJQssk4IGsuVhRzgQtAwNOa6Gk2Hc5rbq9m5FffaBSsUDcwyCkTR93BPMYwaAlJ3M8HPadXq4BjLdp3E+cXiuGEzsZDp24wYQHg+TKtlpx7jxxMlkrb41hzhN7SrJoipKT+Wq0AxL5VADhWKm6bYXQjLEERjhN0o1I0RCTHu7QuqYC+1Q14/FPiXmolbbpBVKXAHOs/p6Isa/UwHd1p4+hq2a9kfifV4/Au2zGTIQRUEEmi7yImxCYo4DMNpOUAB9ogolk+laTdLHEBHSMaR2CPfvyPKkU8vZpvnB3li1eT+NIoX10gI6QjS5QEd2iEiojgh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AHPFZ61</latexit>

do

g,H = rE,r2
E

<latexit sha1_base64="xwMf7abTLWbCr7TKS5uSfAp6Ymw=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXJQyUwXdCEUpdFnBXqAdSyZN29BMZkgyQhm6cOOruHGhiFsfwp1vY9rOQlt/CHz85xxOzu9HnCntON/Wyura+sZmZiu7vbO7t28fHDZUGEtC6yTkoWz5WFHOBK1rpjltRZLiwOe06Y9upvXmA5WKheJOjyPqBXggWJ8RrI3VtXODAqqiK9QR2OcYVQop3ZdQpWvnnaIzE1oGN4U8pKp17a9OLyRxQIUmHCvVdp1IewmWmhFOJ9lOrGiEyQgPaNugwAFVXjI7YoJOjNND/VCaJzSaub8nEhwoNQ580xlgPVSLtan5X60d6/6llzARxZoKMl/UjznSIZomgnpMUqL52AAmkpm/IjLEEhNtcsuaENzFk5ehUSq6Z8XS7Xm+fJ3GkYEcHMMpuHABZahCDepA4BGe4RXerCfrxXq3PuatK1Y6cwR/ZH3+AKnVlY8=</latexit>

x+ = ↵(�H
�1

g),↵ is from line search
<latexit sha1_base64="sfl9EdQnkU0cHZq6U91A2CoyGHE=">AAACIXicbVDLSgNBEJz1bXxFPXoZDIKihl0V9CKIXjxGMCaQxNA76U0GZx/M9Iphya948Ve8eFDEm/gzTh4HjRY0FFXddHf5iZKGXPfTmZicmp6ZnZvPLSwuLa/kV9duTJxqgWURq1hXfTCoZIRlkqSwmmiE0FdY8e8u+n7lHrWRcXRN3QQbIbQjGUgBZKVm/uSB757yOqikA3x7//I22/d67Z29oVInfKCMS8MDHYe8v4QbBC06vWa+4BbdAfhf4o1IgY1QauY/6q1YpCFGJBQYU/PchBoZaJJCYS9XTw0mIO6gjTVLIwjRNLLBhz2+ZZUWD2JtKyI+UH9OZBAa0w192xkCdcy41xf/82opBSeNTEZJShiJ4aIgVZxi3o+Lt6RGQaprCQgt7a1cdECDIBtqzobgjb/8l9wcFL3D4sHVUeHsfBTHHNtgm2ybeeyYnbFLVmJlJtgje2av7M15cl6cd+dj2DrhjGbW2S84X9/sIqI3</latexit>

E =
1

2
||x� xt||2M + hEx̄(x), s.t.xk = x̃k, k 2 B

<latexit sha1_base64="pj90sdCryz9D54Xt7u4LovGt/DE="></latexit>

g,H = rE,r2
E

<latexit sha1_base64="xwMf7abTLWbCr7TKS5uSfAp6Ymw=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXJQyUwXdCEUpdFnBXqAdSyZN29BMZkgyQhm6cOOruHGhiFsfwp1vY9rOQlt/CHz85xxOzu9HnCntON/Wyura+sZmZiu7vbO7t28fHDZUGEtC6yTkoWz5WFHOBK1rpjltRZLiwOe06Y9upvXmA5WKheJOjyPqBXggWJ8RrI3VtXODAqqiK9QR2OcYVQop3ZdQpWvnnaIzE1oGN4U8pKp17a9OLyRxQIUmHCvVdp1IewmWmhFOJ9lOrGiEyQgPaNugwAFVXjI7YoJOjNND/VCaJzSaub8nEhwoNQ580xlgPVSLtan5X60d6/6llzARxZoKMl/UjznSIZomgnpMUqL52AAmkpm/IjLEEhNtcsuaENzFk5ehUSq6Z8XS7Xm+fJ3GkYEcHMMpuHABZahCDepA4BGe4RXerCfrxXq3PuatK1Y6cwR/ZH3+AKnVlY8=</latexit>

x+ = ↵(�H
�1

g),↵ is from line search
<latexit sha1_base64="sfl9EdQnkU0cHZq6U91A2CoyGHE=">AAACIXicbVDLSgNBEJz1bXxFPXoZDIKihl0V9CKIXjxGMCaQxNA76U0GZx/M9Iphya948Ve8eFDEm/gzTh4HjRY0FFXddHf5iZKGXPfTmZicmp6ZnZvPLSwuLa/kV9duTJxqgWURq1hXfTCoZIRlkqSwmmiE0FdY8e8u+n7lHrWRcXRN3QQbIbQjGUgBZKVm/uSB757yOqikA3x7//I22/d67Z29oVInfKCMS8MDHYe8v4QbBC06vWa+4BbdAfhf4o1IgY1QauY/6q1YpCFGJBQYU/PchBoZaJJCYS9XTw0mIO6gjTVLIwjRNLLBhz2+ZZUWD2JtKyI+UH9OZBAa0w192xkCdcy41xf/82opBSeNTEZJShiJ4aIgVZxi3o+Lt6RGQaprCQgt7a1cdECDIBtqzobgjb/8l9wcFL3D4sHVUeHsfBTHHNtgm2ybeeyYnbFLVmJlJtgje2av7M15cl6cd+dj2DrhjGbW2S84X9/sIqI3</latexit>

E =
1

2
||x� xt||2M + hEx̄(x) + P (x, t)

<latexit sha1_base64="hkn0RyT/5VaJvVAEYtosKF3vSXc="></latexit>Solve
While do

g,H = rE,r2
E

<latexit sha1_base64="xwMf7abTLWbCr7TKS5uSfAp6Ymw=">AAACBHicbZDLSgMxFIbPeK31Nuqym2ARXJQyUwXdCEUpdFnBXqAdSyZN29BMZkgyQhm6cOOruHGhiFsfwp1vY9rOQlt/CHz85xxOzu9HnCntON/Wyura+sZmZiu7vbO7t28fHDZUGEtC6yTkoWz5WFHOBK1rpjltRZLiwOe06Y9upvXmA5WKheJOjyPqBXggWJ8RrI3VtXODAqqiK9QR2OcYVQop3ZdQpWvnnaIzE1oGN4U8pKp17a9OLyRxQIUmHCvVdp1IewmWmhFOJ9lOrGiEyQgPaNugwAFVXjI7YoJOjNND/VCaJzSaub8nEhwoNQ580xlgPVSLtan5X60d6/6llzARxZoKMl/UjznSIZomgnpMUqL52AAmkpm/IjLEEhNtcsuaENzFk5ehUSq6Z8XS7Xm+fJ3GkYEcHMMpuHABZahCDepA4BGe4RXerCfrxXq3PuatK1Y6cwR/ZH3+AKnVlY8=</latexit>

||xk � x̃t+1
k ||1 > 10�6

<latexit sha1_base64="Pu6NucWUM+iQ7RpHKl7j6JqMOHc=">AAACE3icbVDLSsNAFJ34rPVVdekmWARRWpIq6kqKblxWsA/oI0ymk3boZBJmbqQlzT+48VfcuFDErRt3/o3Tx0JbD1w4nHMv997jhpwpsKxvY2FxaXllNbWWXt/Y3NrO7OxWVBBJQssk4IGsuVhRzgQtAwNOa6Gk2Hc5rbq9m5FffaBSsUDcwyCkTR93BPMYwaAlJ3M8HPadXq4BjLdp3E+cXiuGEzsZDp24wYQHg+TKtlpx7jxxMlkrb41hzhN7SrJoipKT+Wq0AxL5VADhWKm6bYXQjLEERjhN0o1I0RCTHu7QuqYC+1Q14/FPiXmolbbpBVKXAHOs/p6Isa/UwHd1p4+hq2a9kfifV4/Au2zGTIQRUEEmi7yImxCYo4DMNpOUAB9ogolk+laTdLHEBHSMaR2CPfvyPKkU8vZpvnB3li1eT+NIoX10gI6QjS5QEd2iEiojgh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AHPFZ61</latexit>

x+ = ↵(�H
�1

g),↵ is from line search
<latexit sha1_base64="sfl9EdQnkU0cHZq6U91A2CoyGHE=">AAACIXicbVDLSgNBEJz1bXxFPXoZDIKihl0V9CKIXjxGMCaQxNA76U0GZx/M9Iphya948Ve8eFDEm/gzTh4HjRY0FFXddHf5iZKGXPfTmZicmp6ZnZvPLSwuLa/kV9duTJxqgWURq1hXfTCoZIRlkqSwmmiE0FdY8e8u+n7lHrWRcXRN3QQbIbQjGUgBZKVm/uSB757yOqikA3x7//I22/d67Z29oVInfKCMS8MDHYe8v4QbBC06vWa+4BbdAfhf4o1IgY1QauY/6q1YpCFGJBQYU/PchBoZaJJCYS9XTw0mIO6gjTVLIwjRNLLBhz2+ZZUWD2JtKyI+UH9OZBAa0w192xkCdcy41xf/82opBSeNTEZJShiJ4aIgVZxi3o+Lt6RGQaprCQgt7a1cdECDIBtqzobgjb/8l9wcFL3D4sHVUeHsfBTHHNtgm2ybeeyYnbFLVmJlJtgje2av7M15cl6cd+dj2DrhjGbW2S84X9/sIqI3</latexit>

line search
<latexit sha1_base64="zz6B3/plAQQgBV51sLJKrg5/pgc=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbBT0GvXiMYB6QLGF20kmGzD6Y6ZWEJb/ixYMiXv0Rb/6Ns8keNLFgoKjqonvKj6XQ6DjfVmFjc2t7p7hb2ts/ODyyj8stHSWKQ5NHMlIdn2mQIoQmCpTQiRWwwJfQ9id3md9+AqVFFD7iLAYvYKNQDAVnaKS+Xe4hTDHN4lQDU3w879sVp+osQNeJm5MKydHo21+9QcSTAELkkmnddZ0YvZQpFFzCvNRLNMSMT9gIuoaGLADtpYvb5/TcKAM6jJR5IdKF+juRskDrWeCbyYDhWK96mfif101weOOlIowThJAvFw0TSTGiWRF0IBRwlDNDGFfC3Er5mCnG0dRVMiW4q19eJ61a1b2s1h6uKvXbvI4iOSVn5IK45JrUyT1pkCbhZEqeySt5s+bWi/VufSxHC1aeOSF/YH3+AH1xlLo=</latexit>

E =
1

2
||x� xt||2M + hEx̄(x) + P (x, t)

<latexit sha1_base64="hkn0RyT/5VaJvVAEYtosKF3vSXc="></latexit>

B = 2B
<latexit sha1_base64="5wHKgUGkDZnyMyv1AzXenK8uKQc=">AAACD3icbVBNS8NAEN3Ur1q/oh69BIviqSRV0ItQ6sVjBfsBTQiT7aZdukmW3Y1QQv+BF/+KFw+KePXqzX/jps1BWx8MPN6bYWZewBmVyra/jdLK6tr6RnmzsrW9s7tn7h90ZJIKTNo4YYnoBSAJozFpK6oY6XFBIAoY6Qbjm9zvPhAhaRLfqwknXgTDmIYUg9KSb566Y+AcfDcCNcLAsub0ur6s+WbVrtkzWMvEKUgVFWj55pc7SHAakVhhBlL2HZsrLwOhKGZkWnFTSTjgMQxJX9MYIiK9bPbP1DrRysAKE6ErVtZM/T2RQSTlJAp0Z36iXPRy8T+vn6rwystozFNFYjxfFKbMUomVh2MNqCBYsYkmgAXVt1p4BAKw0hFWdAjO4svLpFOvOee1+t1FtdEs4iijI3SMzpCDLlED3aIWaiOMHtEzekVvxpPxYrwbH/PWklHMHKI/MD5/AKQ/nQo=</latexit>



Time-Varying Boundary Conditions

Plastic + Elastic + Barrier Elastic + Barrier Elastic

B
<latexit sha1_base64="QJFkvwDoPZ10CL3XxjeHpbzqpS0=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmamT3elblxWsA+YDiWTpm1oJhmSjFCGfoYbF4q49Wvc+Tdm2goqeiBwOOdecu4JY0aVdpwPK7exubW9k98t7O0fHB4Vj0+6SiQSkw4WTMh+iBRhlJOOppqRfiwJikJGeuHsOvN790QqKvidnsckiNCE0zHFSBvJH0RITzFiaWsxLJYc22nUaldl6Ni1uut5dUOqbrVS9qBrO0uUwBrtYfF9MBI4iQjXmCGlfNeJdZAiqSlmZFEYJIrECM/QhPiGchQRFaTLyAt4YZQRHAtpHtdwqX7fSFGk1DwKzWQWUf32MvEvz0/0uBGklMeJJhyvPhonDGoBs/vhiEqCNZsbgrCkJivEUyQR1qalginh61L4P+l6tlu2vdtKqdla15EHZ+AcXAIX1EET3IA26AAMBHgAT+DZ0taj9WK9rkZz1nrnFPyA9fYJ4v6RqQ==</latexit>

16



Applications

17



Flow Speed

Normal Direction

(1) Normal Flow

E(x,N t) = B(x)� �
1

2
xTLx� �xTN t

<latexit sha1_base64="RJ1KaRALLkqNynWzThVX8ndR3Wg="></latexit>

18



Repaired output animation frame

Input animation frame
(2) Animation Repair

xs = argmin
x

1

2
||x� fs||2M + hE(x, fs)

<latexit sha1_base64="0MqgJHtRVxfPxLAiyEAUDruLJ6E="></latexit>

Input: Repaired: 19

f1
<latexit sha1_base64="RLn0gG5qx12YuxV9zNp63Td6hvk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2k3bp7ibsboRS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEAturOt+O4W19Y3NreJ2aWd3b/+gfHjUMlGiGTZZJCLdCahBwRU2LbcCO7FGKgOB7WB8m/ntJ9SGR+rBTmL0JR0qHnJGbSaFj16pX664VXcOskq8nFQgR6Nf/uoNIpZIVJYJakzXc2PrT6m2nAmclXqJwZiyMR1iN6WKSjT+dH7rjJylyoCEkU5LWTJXf09MqTRmIoO0U1I7MsteJv7ndRMbXvtTruLEomKLRWEiiI1I9jgZcI3MiklKKNM8vZWwEdWU2TSeLARv+eVV0qpVvYtq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEInuEV3hzpvDjvzseiteDkM8fwB87nDyUSjaU=</latexit>

x1
<latexit sha1_base64="6uEX0Ra2Um8q52NF8RAUlKzJky0=">AAAB63icbZC7SgNBFIbPxltcb1FLm8EgWIXdWMRGDNpYRjAXSNYwO5lNhszMLjOzYljyCjYWitiJz2JvI76Nu0kKTfxh4OP/z2HOOX7EmTaO823llpZXVtfy6/bG5tb2TmF3r6HDWBFaJyEPVcvHmnImad0ww2krUhQLn9OmP7zM8uYdVZqF8saMIuoJ3JcsYASbzLq/de1uoeiUnInQIrgzKJ5/2GfR25dd6xY+O72QxIJKQzjWuu06kfESrAwjnI7tTqxphMkQ92k7RYkF1V4ymXWMjlKnh4JQpU8aNHF/dyRYaD0SflopsBno+Swz/8vasQlOvYTJKDZUkulHQcyRCVG2OOoxRYnhoxQwUSydFZEBVpiY9DzZEdz5lRehUS65J6XytVOsXsBUeTiAQzgGFypQhSuoQR0IDOABnuDZEtaj9WK9Tktz1qxnH/7Iev8BoBeQ9A==</latexit>

f2
<latexit sha1_base64="Uy1Enb9kQ2P7f9IANDC1lIMhu7c=">AAAB6nicbVC7SgNBFL3rM8ZX1FKRwSBYhd1YaBm0sUzQPCBZw+xkNhkyM7vMzAphSWlpY6GIrR+R77DzG/wJJ49CEw9cOJxzL/feE8ScaeO6X87S8srq2npmI7u5tb2zm9vbr+koUYRWScQj1QiwppxJWjXMcNqIFcUi4LQe9K/Hfv2BKs0ieWcGMfUF7koWMoKNlW7D+2I7l3cL7gRokXgzki8djSrfj8ejcjv32epEJBFUGsKx1k3PjY2fYmUY4XSYbSWaxpj0cZc2LZVYUO2nk1OH6NQqHRRGypY0aKL+nkix0HogAtspsOnpeW8s/uc1ExNe+imTcWKoJNNFYcKRidD4b9RhihLDB5Zgopi9FZEeVpgYm07WhuDNv7xIasWCd14oVmwaVzBFBg7hBM7AgwsowQ2UoQoEuvAEL/DqcOfZeXPep61LzmzmAP7A+fgB3oGROQ==</latexit>

x2
<latexit sha1_base64="WUbKkKPF+9HkiojHXBpBg6tS/wg=">AAAB63icbZC7SgNBFIbPxltcb1FLm8EgWIXdWMRGDNpYRjAXSNYwO5lNhszMLjOzYljyCjYWitiJz2JvI76Nu0kKTfxh4OP/z2HOOX7EmTaO823llpZXVtfy6/bG5tb2TmF3r6HDWBFaJyEPVcvHmnImad0ww2krUhQLn9OmP7zM8uYdVZqF8saMIuoJ3JcsYASbzLq/LdvdQtEpOROhRXBnUDz/sM+ity+71i18dnohiQWVhnCsddt1IuMlWBlGOB3bnVjTCJMh7tN2ihILqr1kMusYHaVODwWhSp80aOL+7kiw0Hok/LRSYDPQ81lm/pe1YxOcegmTUWyoJNOPgpgjE6JscdRjihLDRylgolg6KyIDrDAx6XmyI7jzKy9Co1xyT0rla6dYvYCp8nAAh3AMLlSgCldQgzoQGMADPMGzJaxH68V6nZbmrFnPPvyR9f4DoZyQ9Q==</latexit>

f3
<latexit sha1_base64="9Rpm4AJUaR6L85ozVzEqWFdBp0A=">AAAB6nicbVC7TgJBFL2LL8QXaqkxE4mJFdmFQkuijSVEF0hgJbPDLEyYnd3MzJqQDaWljYXG2PoRfIed3+BPODwKBU9yk5Nz7s299/gxZ0rb9peVWVldW9/Ibua2tnd29/L7B3UVJZJQl0Q8kk0fK8qZoK5mmtNmLCkOfU4b/uB64jceqFQsEnd6GFMvxD3BAkawNtJtcF/u5At20Z4CLRNnTgqV43Ht+/FkXO3kP9vdiCQhFZpwrFTLsWPtpVhqRjgd5dqJojEmA9yjLUMFDqny0umpI3RmlC4KImlKaDRVf0+kOFRqGPqmM8S6rxa9ifif10p0cOmlTMSJpoLMFgUJRzpCk79Rl0lKNB8agolk5lZE+lhiok06OROCs/jyMqmXik65WKqZNK5ghiwcwSmcgwMXUIEbqIILBHrwBC/wanHr2Xqz3metGWs+cwh/YH38AOAFkTo=</latexit>

x3
<latexit sha1_base64="4i/wGLIs7IXifXTDngsz+5mkx+k=">AAAB63icbZC7SgNBFIbPxltcb1FLm8EgWIXdpNBGDNpYRjAXSNYwO5lNhszMLjOzYljyCjYWitiJz2JvI76Nu0kKTfxh4OP/z2HOOX7EmTaO823llpZXVtfy6/bG5tb2TmF3r6HDWBFaJyEPVcvHmnImad0ww2krUhQLn9OmP7zM8uYdVZqF8saMIuoJ3JcsYASbzLq/rdjdQtEpOROhRXBnUDz/sM+ity+71i18dnohiQWVhnCsddt1IuMlWBlGOB3bnVjTCJMh7tN2ihILqr1kMusYHaVODwWhSp80aOL+7kiw0Hok/LRSYDPQ81lm/pe1YxOcegmTUWyoJNOPgpgjE6JscdRjihLDRylgolg6KyIDrDAx6XmyI7jzKy9Co1xyK6XytVOsXsBUeTiAQzgGF06gCldQgzoQGMADPMGzJaxH68V6nZbmrFnPPvyR9f4DoyGQ9g==</latexit>

… …

Membrane Energy Shell Bending Energy

E(x, x̄) =  memb(x, x̄) + bend(x, x̄) +B(x)
<latexit sha1_base64="0UHLkgz5JqLp/86rvE1AM6XFQyM="></latexit>



Exponential Factor

p = 1 p = 10

(3) Min-max distortion—2D

Ep(x, x̄) = r(p)
X

t2T

vt
�
 (Ft)

�p
, r(p) =

1

p

�
 (I)

�(1�p)

<latexit sha1_base64="oaU2lozjpgL5WycKJRKJg5tv4rI="></latexit>

20



p = 1 p = 5

(3) Min-max distortion—3D

21



(4) Modeling—Squash



(4) Modeling—Wrap
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(4) Modeling—Pinch
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(4) Modeling—Squeeze
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(4) Modeling—Layout

26



(4) Modeling—Layout

27



Enjoy
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(4) Modeling—Bend



(4) Modeling—Copy Paste



(4) Modeling—Wind



(4) Modeling—Flower
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Enjoy
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Conclusion

Fixed (IDP)

Intersected
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